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On the Weil-etale topos of regular arithmetic schemes 

M. Flach and B. Morin 



Abstract. We define and study a Weil-etale topos for any regular, 
proper scheme X over Spec(Z) which has some of the properties sug- 
gested by Lichtenbaum for such a topos. In particular, the cohomol- 
ogy with R-coefficients has the expected relation to ((X, s) at s = if 
the Hasse-Weil L-functions L(h l (Xq) , s) have the expected meromor- 
phic continuation and functional equation. If X has characteristic p 
the cohomology with Z-coefficients also has the expected relation to 
C(X, s) and our cohomology groups recover those previously studied 
by Lichtenbaum and Geisser. 
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1. Introduction 

In [28] Lichtenbaum suggested the existence of Weil-etale cohomology groups 
for arithmetic schemes X (i.e. separated schemes of finite type over Spec(Z)) 
which are related to the zeta-function ((X, s) of X as follows. 

a) The compact support cohomology groups Hl{Xw,^) are finite dimen- 
sional vector spaces over R, vanish for almost all i and satisfy 

^(-l)Mim E R) = 0. 

iez 

b) The function C(X, s) has a meromorphic continuation to s — and 

ord s=0 C(^,s) = ^(-l)< ■i-dim R ff*(^ w ,R). 

c) There exists a canonical class 9 e H 1 (Xw ,R) so that the sequence 

■ • • ^> H l c (X w ,R) ^ H^ +1 (X W ,R) ... 

is exact. 

d) The compact support cohomology groups H l c {Xw^) are finitely gen- 
erated over Z and vanish for almost all i. 

e) The natural map from Z to K-cocfficicnts induces an isomorphism 

H l c ( X w , Z) ® z R ^> H l c (X w , R) . 
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f) If (*(X,0) denotes the leading Taylor-coefficient of ((X,s) at s = 
and 

A:R^(g)det Rj ff*(;tV,K) ( ~ ir 

the isomorphism induced by c) then 

Z ■ X(C(X, 0)) = (g) detzHi(X w , Z^-V 

where the determinant is understood in the sense of [2"S] . 

If X has finite characteristic these groups are well defined and well under- 
stood by work of Lichtenbaum [27] and Geisser [17j[T8]. In particular all the 
above properties a)-f) hold for dim(A') < 2 and in general under resolution 
of singularities. Lichtenbaum also defined such groups for X = Spec (C>i?) 
where F is a number field and showed that a)-f) hold if one artificially rede- 
fines Hl(Spec(OF )w, to be zero for i > 4. In [T3] it was then shown that 
i?g(Spec(0F)vp, Z) as defined by Lichtenbaum does indeed vanish for odd i > 5 
but is an abelian group of infinite rank for even i > 4. 

In any case, in Lichtenbaum's definition the groups if* ( Spec (0^)^, Z) and 
Zf*(Spec(0p<)vr, M) are defined via an Artin-Verdier type compactification 
Spec(0i?) of Spec(0i?) L l], where however H % (Spec(Op) w , F) is not the coho- 
mology group of a topos but rather a direct limit of such. The first purpose of 
this article is to give a definition of a topos Spec(Op) w which recovers Licht- 
enbaum's groups (see section [5] below) . This definition was proposed in the 
second author's thesis [31] and is a natural modification of Lichtenbaum's idea 
which is suggested by a closer look at the etale topos Spec(0F)ct- 
In [T] Artin and Verdier defined a topos X e t for any arithmetic scheme X — > 
Spec(Z) so that there are complementary open and closed immersions 

X c t X c t <— Sh(X aD ) 

the sense of topos theory [19]. Here Xoo is the topological quotient space 
X(C)/Gtr where X(C) is the set of complex points with its standard Euclidean 
topology and Gr = Gal(C/K). If X is an arithmetic scheme and y denotes 
either X or X we define the Weil-etale topos of y by 

y W ■= y c t x ^(z) ot Spec(Z) w , 

a fibre product in the 2-category of topoi. This definition is suggested by the 
fact that the Weil-etale topos defined by Lichtenbaum for varieties over finite 
fields is isomorphic to a similar fibre product, as was shown in the second 
author's thesis [3T] and will be recalled in section [3] below. The work of Geisser 
[18] shows that Lichtenbaums's definition is only reasonable (i.e. satisfies a)- 
f)) for smooth, proper varieties over finite fields. Correspondingly, one can 
only expect our fibre product definition to be reasonable for proper regular 
arithmetic schemes. 

The second purpose of this article is to show that this is indeed the case as far 
as R-coefficients are concerned. Our main result is the following 
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Theorem 1.1. Let X be a regular scheme, proper over Spec(Z). 

i) For X = Spec(0j?) one has 

Spec(0 F ) w Spec(C» F ) ct x Spcc(z) ot Spec(Z) w , 

where Spec(Op) w is the topos defined in section\3[ below, based on 
Lichtenbaum's idea of replacing Galois groups by Weil groups. 

ii) If X —> Spec(Fp) has characteristic p then our groups agree with those 
of Lichtenbaum and Geisser and a)-f) hold for X . 

iii) If X is flat over Spec(Z) and the Hasse-Weil L-functions L(/i 1 (Aq), s) 
of all motives /i 4 (.Yq) satisfy the expected meromorphic continuation 
and functional equation. Then a)-c) hold for X. 

The assumptions of iii) are satisfied, for example, if X is a regular model of a 
Shimura curve, or of a self product E x • • • x E where E is an elliptic curve, 
over a totally real field F. 

Unfortunately, properties d) and e) do not hold with our fibre product def- 
inition, even in low degrees, and we also do not expect them to hold with 
any similar definition (see the remarks in section f9.3|) . The right definition of 
Weil-etale cohomology with Z-coefficients for schemes of characteristic zero will 
require a key new idea, as is already apparent for X = Spcc(0F ). 
We briefly describe the content of this article. In section [2] we recall pre- 
liminaries on sites, topoi and classifying topoi. Section [3] contains the proof 
that Lichtenbaum's Weil-etale topos in characteristic p is a fibre product via a 
method that is different from the one in the second author's thesis [31] . In sec- 
tion H] we recall the definition of X ct and the corresponding compact support 
cohomology groups Hl(X ct ,J-). In section [5] we define Spec(Op) w an d gi ve 
the proof of Theorem II. H i) (see Proposition [53]). In section [6] we define X\y, 
describe its fibres above all places p < oo and its generic point. In section [7] we 
compute the cohomology of Xw with M-coefficients following Lichtenbaum's 
method of studying the Leray spectral sequence from the generic point. This 
section is the technical heart of this article. In section [5] we compute the com- 
pact support cohomology H l c {Xw , K) via the natural morphism Xw — >• X et 
and prove properties a) and c) (see Theorem 18. 2[) . The class 9 in c) is defined 
in subsection 18.31 

Section IH1 introduces Hasse-Weil L-functions of varieties over Q as well as Zeta- 
functions of arithmetic schemes and contains the proof of Theorem 11.11 ii) (see 
Theorem IQ.2[) and of property b) (see Theorem 19.11) , thereby concluding the 
proof Theorem [Ol iii) . In subsection 19.41 we show that property f) for ((X,s) 
is compatible with the Tamagawa number conjecture of Bloch and Kato [4] (or 
rather of Fontaine and Perrin-Riou [15]) for Yiiez L{h l (Xq), s)( _1 ) at s = 0. 
In order to do this we need to augment the list of properties a)-f ) for Weil-etale 
cohomology with further natural assumptions g)-j) of which g) and h) hold 
in characteristic p, and we need to assume a number of conjectures which are 
preliminary to the formulation of the Tamagawa number conjecture. Finally, 
in section [10] we prove some results related to the so called local theorem of 
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invariant cycles in ^-adic cohomology, and we formulate analogous conjectures 
in p-adic cohomology. These results may be of some interest independently of 
Weil-etale cohomology, and are necessary to establish the equality of vanishing 
orders 

ord s=0 C(*, a) = ord s=0 J[ L{h\X Q ) , s)^' 
for regular schemes X proper and flat over Spec(Z). 

Acknowledgements: The first author is supported by grant DMS-0701029 from 
the National Science Foundation. He would also like to thank Spencer Bloch 
for a helpful discussion about the material in section HU1 and the MPI Bonn for 
its hospitality during the final preparation of this paper. 

2. Preliminaries 

In this paper, a topos is a Grothendieck topos over Set , and a morphism of 
topoi is a geometric morphism. A pseudo-commutative diagram of topoi is said 
to be commutative. Finally, we suppress any mention of universes. 

2.1. Left exact sites. Recall that a Grothendieck topology J on a category 
C is said to be sub- canonical if J is coarser than the canonical topology, i.e. if 
any representable presheaf on C is a sheaf for the topology J. A category C is 
said to be left exact when finite projective limits exist in C, i.e. when C has a 
final object and fiber products. A functor between left exact categories is said 
to be left exact if it commutes with finite projective limits. 

Definition 1. A Grothendieck site {C,J) is said to be left exact if C is a left 
exact category endowed with a subcanonical topology J . A morphism of left 
exact sites (C, 3') — > (C, J) is a continuous left exact functor C —> C. 

Note that any Grothendieck topos, i.e. any category satisfying Giraud's axioms, 
is equivalent to the category of sheaves of sets on a left exact site. Note also 
that a Grothendieck site (C, J) is left exact if and only if the canonical functor 
(given in general by Yoneda and sheafification) 

y : C — > (C^J) 

identifies C with a left exact full subcategory of (C,J), The following result is 
proven in [19] IV.4.9. 

Lemma 1. A morphism of left exact sites /* : (C'^J 1 ) — > {C,J) induces a 

morphism of topoi f : {C,S) — > (C',^7'). Moreover we have a commutative 
diagram 

{cTj) <r^— (v7j>) 
C c 

where the vertical arrows are the fully faithful Yoneda functors. 
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2.2. The TOPOS T. We denote by Top lc (respectively by Top c ) the category of 
locally compact topological spaces (respectively of compact spaces) . A locally 
compact space is assumed to be Hausdorff. The category Top lc is endowed 
with the open cover topology J op , which is subcanonical. We denote by T the 
topos of sheaves of sets on the site (Top lc , J op ). The Yoneda functor 

y : Top lc — > T 

is fully faithful, and Top lc is viewed as a generating full subcategory of T ■ For 
any object T of Top lc , T is locally compact hence there exist morphisms 

where {Ui C T} is an open covering, and Ki is a compact subspace of T. 
It follows that LJ yUi — > yT is an epimorphism in T, hence so is LJ yKi — » 
yT . This shows that the category of compact spaces Top c is a generating full 
subcategory of T. 

The unique morphism t : T — > Set has a section s : Set — > 7" such that t* — s* 
hence we have three adjoint functors t*, t* — s*, s*. In particular is exact 
hence we have H n (T,A) — H n ( Set , A(*)) = for any n > 1 and any abelian 
object A. 

2.3. Classifying topoi. 

2.3.1. General case. For any topos S and any group object G in 5, we denote 
by Bq the category of left G-object in S. Then Bq is a topos, as it follows 
from Giraud's axioms, and Bq is endowed with a canonical morphism Bq — > S, 
whose inverse image functor sends an object F of S to F with trivial G-action. 
If there is a risk of ambiguity, the topos Bq is denoted by B$(G). The topos 
Bq is said to be the classifying topos of G since for any topos / : £ — > S over 
5, the category Homtop s (£,Bq) is equivalent to the category of /*G-torsors 
in £ (see [H| IV. Exercice 5.9). 

2.3.2. Examples. Let G be a discrete group, i.e. a group object of the final 
topos Set . Then BsetG is the category of left G-sets, and the cohomology 
groups H*(Bset_G, A), where A is an abelian object of Bq i.e. a G-module, 
is precisely the cohomology of the discrete group G. Here BsetG is called the 
small classifying topos of the discrete group G and is denoted by Bq" 1 . If G is 
the profinite group, the small classifying topos Bq"" of the profinite group G is 
the category of continuous G-sets. 

Let G be a locally compact topological group. Then G represents a group 
object of T, where T is defined above. Then Bq is the classifying topos of the 
topological group G, and the cohomology groups H*(B G ,A), where A is an 
abelian object of B G (e.g. a topological G-module) is the cohomology of the 
topological group G. If G is not locally compact, then we just need to replace 
T with the category of sheaves on (Top, J op ) . 

Let S be a scheme and let G be a smooth group scheme over S. We denote by 
SEt the big etale topos of S. Then G represents a group object of Sei and Bq 
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is the classifying topos of G. The cohomology groups H*(Bg,A), where A is 
an abelian object of Bq (e.g. an abelian group scheme over S endowed with a 
G-action) is the etale cohomology of the S'-group scheme G. 

2.3.3. The local section site. For G any locally compact topological group, we 
denote by B Top icG the category of G-equivariant locally compact topological 
spaces endowed with the local section topology Ji s (see [35] section 1). The 
Yoneda functor yields a canonical fully faithful functor 

B Top icG — > B G . 

Then one can show that the local section topology Ji B on B Top icG is the topol- 
ogy induced by the canonical topology of Bq- Moreover B Top icG is a generating 
family of Bq . It follows that the morphism 

Bg > (Brop'cG, Jls) 

is an equivalence. In other words the site (B Top uG, Ji s ) is a site for the clas- 
sifying topos B G (see [14] for more details). 

2.3.4. The classifying topos of a strict topological pro-group. A locally compact 
topological pro-group G is a pro-object in the category of locally compact topo- 
logical groups, i.e. a functor I op — > Gr(Top lc ), where / is a filtered category 
and Gr(Top lc ) is the category of locally compact topological groups. A locally 
compact topological pro-group G is said to be strict if the transition maps 
Gj — > Gi have local sections. We define the limit of G in the 2-category of 
topoi as follows. 

Definition 2. The classifying topos of a strict topological pro-group G is de- 
fined as 

Bq := l ( im i B Gl , 

where the the projective limit is computed in the 2-category of topoi. 

2.3.5. In order to ease the notations, we will simply denote by Top the cate- 
gory of locally compact spaces. For any locally compact group G, we denote 
by BxopG the category of locally compact spaces endowed with a continuous 
G-action. 

2.4. Fiber products of topoi. The class of topoi forms a 2-category. In 
particular, Homtop (£, JF) is a category for any of topoi £ and J- . \if,g:£=XT 
are two objects of Homtop (£,J-), then a morphism a : f — > g is a natural 
transformation a : /* — > g*. Consider now two morphisms of topoi with the 
same target / : £ —> S and g : T — s> S. For any topos G, we define the category 

Homtop (g,£) x Homtop ( g ,5) Homtop (g, T) 

whose objects are given by triples of the form (a, 6, a), where a and b are objects 
of Homtop (G,£) and Homtop (Q, J 7 ) respectively, and 

a: foa = gob 

is an isomorphism in the category Homtop (Q,S). 



On the Weil-etale topos of regular arithmetic schemes 



7 



A fiber product £ x 5 T in the 2-category of topoi is a topos endowed with 
canonical projections p\ : £ x$ J 7 — > £, P2 : £ x$ J 7 ^ J- and an isomorphism 
a '■ f Pi — 9 P2 satisfying the following universal condition. For any topos Q 
the natural functor 

Homtop (G,£ x s F) — > Homtop (Q,£) x Homtop( g S) H omtop (Q , T) 
d 1 — > (pi o d, P2 ° d, a o d* ) 

is an equivalence. It is known that fiber products of topoi always exist (see 
[24] for example). The universal condition implies that such a fiber product is 
unique up to equivalence. A product of topoi is a fiber product over the final 
topos 

£ x T = £ x set J 7 - 

A square of topoi 

£' > S> 



is said to be a pull-back if it is commutative and if the morphism 

£' ~^£x s S', 

given by the universal condition for the fiber product, is an equivalence. The 
following examples will be used in this paper. Let / : £ — > S be a morphism of 
topoi. For any object X of S, the commutative diagram 

£/f*X > S/X 

(1) 



is a pull-back (see Q]5] IV Proposition 5.11). For any group-object G in S, the 
commutative diagram 

B e (f*G) ► B S {G) 



£ 



S 



is a pull-back. This follows from the fact that B${G) classifies G-torsors. 
3. The Weil-etale topos in characteristic p is a fiber product 

For any scheme Y, we denote by Y et the (small) etale topos of Y, i.e. the 
category of sheaves of sets on the etale site on Y, Let G be a discrete group 
acting on a scheme Y. An etale sheaf T on Y is G-equivariant if T is endowed 
with a family of morphisms {ip g : g„T — > J 7 ; g £ G} satisfying ip± a = Id? and 
Pgh = ^Pg 9*{ { Ph)i f° r anv g,h € G. The category S(G; Y et ) of G-equivariant 
etale sheaves on Y is a topos, as it follows from Giraud's axioms. The coho- 
mology H*(S{G; Y et ), A), for any G-equivariant abelian etale sheaf on Y, is the 
cqui variant etale cohomology for the action (G,Y). 
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An equivariant map of G-schemes u : X — > Y induces a morphism of topoi 
S(G; X ct ) — > S(G; Y ct ). Let Y be a scheme separated and of finite type over a 
field k, let k/k be a separable closure and let T be an etale sheaf on Y <E>k k. An 
action of the Galois group Gk on T is said to be continuous when the induced 
action of the profinite group Gk on the discrete set T(U X^fc) is continuous, for 
any U etale and quasi-compact over Y. It is well known that the etale topos 
Y ei is equivalent to the category S(Gk, Y et ) of etale sheaves on Y := Y ®fe k 
endowed with a continuous action of the Galois group Gk ■ 
Let Y be a separated scheme of finite type over a finite field k = ¥ q . Let k/k be 
an algebraic closure. Let Wk and Gk be the Weil group and the Galois group 
of k respectively. The small classifying topos By^ is defined as the category of 
W/c-sets, while Bq* is the category of continuous G^-sets. We denote by Yyp 1 
the Weil-etale topos of the scheme Y, which is defined as follows. We consider 
the scheme Y = Y ®kk endowed with the action of Wk- Then the Weil-etale 
topos YyP is the topos of Wk -equivariant sheaves of sets on Y. We have a 
morphism 

1Y : Yjj{r m := S(W k ,Y ct ) — ► S(G k ,Y et ) = Y et . 

Indeed, consider the functor j Y which takes an etale sheaf J- on Y endowed 
with a continuous G^-action to the sheaf J- endowed with the induced W k - 
action via the canonical map Wk — > Gk- Then 7y commutes with arbitrary 
inductive limits and with projective limits. Hence j Y is the inverse image of 
a morphism of topoi jy This morphism has been defined and studied by T. 
Geisser in [17]. Note that the Weil-etale topos of Spec(/c) is precisely By? and 
that the etale topos Spec(/c) G t is equivalent to Bq 1 . In this case the morphism 
jk '■= ol : Bfy 1 — > Bq" 1 , from the Weil-etale topos of Spec(fc) to its etale topos 
is the morphism induced by the canonical map Wk — > Gk- The structure 
map Y — > Spec(fc) gives a W^-equivariant morphism of schemes Y — > Spec(/c), 
inducing in turn a morphism Y^p 2 B^ . This structure map also induces a 
morphism of etale topos Y ct — > B^V 1 . The diagram 

i\\r * Jet 

(3) | 

B Wk — B Gk 

is commutative, where a is induced by the morphism Wk — > Gk- The aim of 
this section is to prove that the previous diagram is a pull-back of topoi. Our 
proof is based on a descent argument. We need some basic facts concerning 
truncated simplicial topoi. A truncated simplicial topos S m is given by the 
usual diagram 

S 2 =*->■ Si =$<- S 

Given such truncated simplicial topos 5., we define the category Desc(S m ) of 
objects of So endowed with a descent data. By [30], the category Desc(S,) is 
a topos. More precisely, Desc(S») is the inductive limit of the diagram 5*, in 
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the 2-category of topoi. The most simple example is the following. Let S be a 
topos and let X be an object of S. We consider the truncated simplicial topos 

(S,X) m : S/(IxXxI)=t4 5/(IxI)^5/I 

where these morphisms of topoi are induced by the projections maps (of the 
form X x X x X — > X x X and X x X — > X) and by the diagonal map 
X — > X x X. It is well known that, if X covers the final object of S (i.e. 
X — > eg is epimorphic where eg is the final object of 5), then the natural 
morphism 

Desc(S,X). — ► S 

is an equivalence (see [12] Chapter 4 Example 4.1). In other words S/X — > S 
is an effective descent morphism for any X covering the final object of S. 

Lemma 2. Let f : £ —> S be a morphism of topoi and let X be an object of S 
covering the final object. The morphism f is an equivalence if and only if the 
induced morphism 

fjX : £/f*X — ► S/X 

is an equivalence. 

Proof. The condition is clearly necessary. Assume that f / X is an equivalence. 
We have S/{X x X) = (S/X)/(X x X) and S/(X x X x X) = (S/X)/(X x 
X x X), for any projection maps X x X — > X and X x X x X — >• X. Hence 
the triple of morphisms (/ jX x X x X, f / X x X, f / X) yields an equivalence 
of truncated simplicial topoi 

f/:(£J*X). — >(5,X). 

This equivalence induces an equivalence of descent topoi 

Desc{f/) : Desc{£J*X). — > Desc(S,X). 

such that the following square is commutative 

Desc(£J*X). Desc(I/ \ Desc(S,X). 

£ — S 

This shows that / is an equivalence since the vertical maps are equivalences. □ 

Theorem 3.1. Let Y be a scheme separated and of finite type over a finite field 
k. The canonical morphism 

I W > let X BgJ» &W k 

is an equivalence. 
Proof. The morphism 

is defined by the commutative square ((3|) . Let p : Y et x 5™ B^ — > By? be the 
second projection. Consider the object EWk of ByJ 1 defined by the action of 
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Wk on itself by multiplication, and let p*EWk be its pull-back in Y et x B^J 1 . 
It is enough to show that the morphism 

f/p*EW k : Y£r/f*p*EW k — > (Y et x B .» B^)/p*£W fc 

is an equivalence. 

Recall that F^J™ := «S e t(Wfc, F) is the topos of Wfc-equi variant etale sheaves on 
Y. The object f*p*EW k is represented by the Wfc-equi variant etale F-scheme 
W Wk Y ^rY . One has the following equivalences 

Y™ltp*EW k =S et {W k J)/]\yY = S et {W k ,Y[Y)=Y et . 

W k Wk 

Consider now the localization (Y et x B Bm B w n )/p*EW k . We have the following 
canonical equivalences: 

(4) (Yet x BS n B s ™ k )/p*EW k - Y et x ssrn B^ k x B? m Set 

(5) ^y e4 x B& ™Set 

(6) = l,im(Y et x B %™ Set ) 

(7) = (F et x s ™ (B^jEGv,*)) 

(8) ^^m(y et /y') 

(9) =^mY"et 

(10) ^(^my')et=Fe t 

Indeed, (J4j) follows from the canonical equivalence B^/EWk = Set . The 
inverse limit in ^ is taken over the Galois extensions k /k. Using the natural 
equivalence 

Gjt = LjimB G{kl/k) 

^ follow from the universal property of limits of topoi. For ([7]) we use again 

B^ k , /k) /EG{k'/k)^Set. 

Then ([8]) follows from the fact that the inverse image of EG(k'/k) in the etale 
topos Y" e t is the sheaf represented by the etale V-scheme Y' :=Y x k k' . Then 
© is given by (19 III Proposition 5.4), and (flU)) is given by ([3T] Lemma 8.3), 
since the schemes Y' are all quasi-compact and quasi-separated. We obtain a 
commutative square 

Y et > Y e t 

Y$r/f*p*EW k f/p " EWk } (Y et x B ^B w l)/p*EW k 

where the vertical maps are the equivalences defined above. It follows that 
f /p*EW k is an equivalence, and so is / by Lemma O □ 
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COROLLARY 1. There is a canonical equivalence 

Yet x BS » B w* =Y^TxT 

Proof. The Weil group Wk is a group of the final topos Set . If u : T Set 
denotes the unique map, then u*Wk is the group object of T represented by 
the discrete group Wk- Hence one has (see the pull-back diagram ©): 

B^xT:= Bset(W k ) x T = B T (yW k ) =: B Wk . 

The previous theorem therefore yields 

Yet Xflgn B Wk Si Y et X B srn B°™xTZ± Y^ x T. 

□ 

Definition 3. We define the big Weil-etale topos ofY as the fiber product 
Y w := Y et Xg*p B Wk = YyP x T. 

Corollary 2. Let p 1 : Y w ->■ Yffi 1 andp 2 : IV T be the projections. Then 
for any abelian object A' of Yw , one has 

H n (Y w ,A')=H n (Y^ m , Pl *A'). 
If A is an abelian object of T, then 

H n (Y w ,p* 2 A)=H n (Y^ m ,A(*)). 
Proof. This follows from Corollary [12j using the equivalence Yw — Y^f" 1 x 

r. □ 

Define the sheaf R on Yw as ^(yR), where yW is the object of T represented 
by the standard topological group R. Then we have canonical isomorphisms 

H n (Y w ,M) SS H n (F4T,R) and H n (Y w ,Z) SS i/"(F^ m ,Z) 

as it follows from the previous corollary. 

Corollary 3. Let a : Q — >• % awe? /3 : (/' — > TL be two homomorphisms of 
group objects in a topos S. If a is an epimorphism then the natural morphism 

f ■ Bg XH g, ► Bg X Bh Bg, 

is an equivalence. 

Proof. Let e,s be the final object in S. The unique map Q' — > eg is cpimorphic, 
since the unit of Q' yields a section es — > G' ■ Therefore, the morphism EG' — > 
eg/ in Bgi, where eg/ is the final object of Bgi, is epimorphic. We denote the 
second projection by 

p : Bg X Bn Bg, > Bg, 
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Let K. be the kernel of a, so that Q/fC = H. On the one hand, we have the 
following canonical equivalences: 

(Bg X Bn Bg,)/p*Eg' = Bg X Bh (Bg.jtfEQ') 

— Bg Xs n S 

= B g x Bn (B n /EH) 
= Bg/a*EH 
= Bg/{G/K) 

— B/c 

Here Q /K, is endowed with its natural (/-action. The second, the third and the 
last equivalences are given by ([TH] IV. 5. 8), and the fourth equivalence is given 
by the pull-back diagram (|XJ) . 

On the other hand, we have an exact sequence of group objects in S 

l^/C->6x«0'->g'->l. 

Indeed, the kernel of Q x-u Q' — > Q' is given by 

Q xy. Q' xg' es = Q x« e s = JC. 

Moreover, Q x-u Q' — > Q' is epimorphic, since epimorphisms are universal in a 
topos. We obtain 

Bg XH g>/r P *Eg' = Bg Xn g,/(G x n Q'/K) 
= B/c 

and we have a commutative square 

B K — ^ B K 

(12) | 

Bg XH g,/f*p*Eg' f/P ' EG \ {Bg x Bh Bg,)/p*EG' 

where the vertical maps are the equivalences defined above. Hence f /p*EQ' is 
an equivalence. By Lemma / is an equivalence as well, since EQ' — > eg> is 
epimorphic. □ 

Corollary 4. Let a : G — s> H and ft : G' — > H be two morphisms of locally 
compact topological groups. If a has local sections then the natural morphism 

f ■ B GxhG i — ► B G x Bh B G i 

is an equivalence. 

Proof. Since a : G — >• H has local sections, the induced morphism y(G) — > y{H) 
is an epimorphism in T. Hence the result follows from Corollary [31 □ 
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4. Artin-Verdier etale topos of an arithmetic scheme 

Let X be a scheme separated and of finite type over Spec(Z). We denote by X an 
the complex analytic variety associated to X ®z C, endowed with the standard 
complex topology. The Galois group Gr of R acts on X an . The quotient space 
Xoo :— X an /Gu is endowed with the quotient topology. We consider the pair 

X := (X ', Xqo). 

As a set, X is the disjoint union XJJXqo. The Zariski topology on X is 
defined as follows. An open subset (U, D) of X is given by a Zariski open 
subscheme U C X and an open subspace D C Uoo for the complex topology. 
We define the category Et-^ of etale ,Y-schemes as follows. An etale A'-scheme 
is an arrow / : (Li,D) — > {X, X^o), where U — > X is an etale morphism in 
the usual sense and D is an open subset of Uao. The map /oo : D — > X x 
is supposed to be unramified in the sense that f 00(d) G X(M.) if and only if 
d G D n W(M). An etale <Y-scheme W is said to be connected (respectively 
irreducible) if it is connected (respectively irreducible) as a topological space. 
A morphism (U,D) — > (IA 1 ,D') in the category Et-^ is given by a morphism 
of etale ^-schemes U — > W inducing a map D — > D' '. The etale topology J7et 
on the category -Efcy is the topology generated by the pretopology for which a 
covering family is a surjective family. The Artin-Verdier etale site is left exact. 

Definition 4. The Artin-Verdier etale topos of X is the category of sheaves 
of sets on the Artin- Verdier etale site: 

X e t '■= (Et-pf, Jet)- 

The object yX := y(X,$) is a subobject of the final object yX of X e t- This 
yields an open subtopos 

X et /y(X,<b)^X et . 
We have the following canonical identifications (see [19] III Proposition 5.4): 

Xet/y(X, 0) = [Et-xl \x $)■> Jind) — {Etx,Jet) = %et 

where X et is the usual etale topos of X, and Ji n d is the topology on Et-yj (X, 0) 
induced by J et on Et-% via the forgetful functor Et^/(X, 0) — > Et-%. We thus 
obtain an open embedding 

(j) : X et <-> Xet- 

Let Sh(X oa ) be the topos of sheaves of sets on the topological space Xoo, i.e. 
the category of etale spaces on X^. We consider 5'/i(A' 0O ) as a site endowed 
with the canonical topology J can ■ There is a morphism of left exact sites 

u *oo '■ (Et-^,Jet) > (Sh(Xoo), Jean) 

(U, D) 1 y D^Xoo 
The resulting morphism of topoi 

Uqo '■ Sh(X OQ ) > Xet 
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is precisely the closed complement of the open subtopos X et X et defined 
above, i.e. we have the following result. 

Proposition 4.1. There is an open-closed decomposition of topoi 

<P ■ X et ► %et < Sflftoo) : Uoo 

The gluing functor u^tp* can be made more explicit as follows. There is a 
canonical morphism of topoi 

a:Sh(G R ,X an )—^X et 

where Sh(Gu, X an ) is the topos of G^-equivariant sheaves on the topological 
space X an , i.e. the category of G^-equi variant etale spaces on X an . The map 
a is defined by the morphism of left exact sites which takes an etale ^-scheme 
U to the GR-equivariant etale space U an over X an (note that U an — > X an is a 
Gjj-equivariant local homeomorphism since the morphism U ®i C — > X ®z C 
is etale and compatible with complex conjugation). 
The quotient map X an — > X an /Gr yields another morphism of topoi 

(tt*,7t^) : Sh(G R ,X an ) — ► Sh^). 

Here 7r : X an —> X^ is the quotient map, tt* is the usual inverse image and 
tt^F is the Gut-invariant subsheaf of the the direct image ir*F, i.e. for any 
open U C Xqo one has 

nf s F(U) := F^U)^. 

Then we have an identification of functors 

»SoV. = : X* — ► ShiX^) 

Let us consider the category (Sh(Xoo) , X et ,Tr* s a*) defined in ([19] IV.9.5.1) by 
Artin gluing. Recall that an object of this category is a triple (F, E, a), where F 
is an object of Sh(Xoo), E is an object of X et and a is a map a : F — s> ■nf K a*E. 

Corollary 5. The category X e t is canonically equivalent to 
(^(^oo),^ et ,7rf R a*). 

Proof. There is a canonical functor 

$ : X et — ► (ShiX^^^u*^) 
F — > 

where the morphism 

is induced by the adjunction transformation Id — > <p*<p*. By ([19 IV. 9. 5. 4. a) 
the functor <£> is an equivalence of categories, since Uoo : Sh(Xoo) X et is the 
closed complement of the open embedding <f> : X et X et . Hence the result 
follows from the isomorphism 

□ 
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Corollary 6. We denote by oo the archimedean place o/Q. The commutative 
square 

ShiXoo) ► STi(oo) 



X e t ► Spec(Z) et 

is a pull-back, where Sh(oo) = Set is the category of sheaves on the one point 
space. 



Proof. The map X — > Spec(Z) induces a morphism of etale topos /. Consider 
the open embedding Spec(Z) et <-t Spec(Z) et . Its inverse image under the map 
/ is X et °-?> X et . The result therefore follows from Proposition 14. 1 1 and f |19] IV 
Corollaire 9.4.3). □ 

Proposition 4.2. For any prime number p, we have a pull-back 
(X® z F p ) et ► Spcc(F p ) et 

(14) 



X et — i— > Spec(Z) 



Proof. The morphism Spec(F p ) et — > Spec(Z) et factors through Spec(Z) et , 
hence one is reduced to show that 

(X ®i F p ) et = X et x S p ec (z) et Spec(F p ) et . 

This follows from (Q]5] IV Corollaire 9.4.3) since Spec(F p ) — > Spec(Z) is a closed 
embedding. □ 

4.1. Etale cohomology with compact support. It follows from Corol- 
lary [5] that we have the usual sequences of adjoint functors (see [H] IV. 14) 

ip\, V* % V* and u*^, tw, u^. 

between the categories of abelian sheaves on X et , X et and Sh(Xoo). In partic- 
ular itoo* is exact and tp* preserves injective objects since <p\ is exact. For any 
abelian sheaf A on X et , one has the exact sequence 

(15) O-xp^A-tA-t *A-^Q, 

where the morphisms are given by adjunction. 

Definition 5. Assume that X is proper over Spec(Z) and let A be an abelian 
sheaf on X et . The Stale cohomology with compact support is defined by 

H?(X et ,A) :=H n (X euV ,A). 
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Proposition 4.3. Let X be a flat proper scheme over Spec(Z). Assume that 
X is normal and connected. Then the R-vector space H™ (X et , R) is finite di- 
mensional, zero for n large, and we have 

H™(X et ,M.) = for n = 

= H°(X (x ,R)/Rforn = 1 

= H n ~ 1 (X oc ,M.) forn> 2 

Proof. The exact sequence 

-)■ tp<R -> R -)• u^R ->• 
and the fact that is exact give a long exact sequence 

-+ fl?(#et,R) H°(^et,R) i^O^R) -> ff 1 

The inclusion of the generic point of X yields a morphism of topoi 

t,: (SpecK{X)) et — ► 7P e *. 

We have immediately i?™?7*R = for any n > 1 since Galois cohomology is 
torsion and R is uniquely divisible. Moreover, we have 77* R = R. Indeed, 
the scheme X is normal hence the set of connected components of an etale 
^-scheme U is in 1-1 correspondence with the set of connected components of 
U x x Spec K(X) , i.e. one has 

tt (U x x Spec K{X)) = ir (U) = tt (W). 

Therefore the Leray spectral sequence associated to the morphism ry gives 

H n (X et ,R) = H n (G K ^ X ),R). 

We obtain H°(X et ,R) = R and H n (X et ,R) = for n > 1, and the result 
follows. □ 

5. The definition of Spec(Op) w 

Let F be a number field. We consider the Arakelov compactification X — 
(Spec OfiXqq) of X = Spec Op, where X^ is the finite set of archimedean 
places of F. Note that this is a special case of the previous section, since X x is 
the quotient of X <g> C by complex conjugation. We endow X with the Zariski 
topology described previously. 

If F/F is an algebraic closure and F/K/F a finite Galois extension then the 
relative Weil group Wk/f is defined by the extension of topological groups 

1 -> C K -> VF^/f -> Gk/f -+ 1 

corresponding to the fundamental class in H 2 (Gk/f,Gk) given by class field 
theory, where is the idele class group of if. A Weil group of F is then 
defined as the projective limit Wf ■= I^ttiWk/f, computed in the category of 
topological groups. Alternatively, let F/K/F be a finite Galois extension and 
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let S be a finite set of places of F containing all the places which ramify in K. 
Then the fundamental class in 

H 2 {G k / f ,Ck) — H 2 (G k / f ,Ck,s) 
yields a group extension 

1 — > Ck,s -> W K / Ft s -> Gk/f ~> 1 
where Ck,s is the S'-idele class group of K. Then one has (see [28] ) 
Wf := l^mWx/F = fan ^k/f.s 

5.1. The Weil-etale topos. We choose an algebraic closure F/F and a Weil 
group Wf- For any place v of F, we choose an algebraic closure F v /F v and 
an embedding F — > F„ over F. Then we choose a local Weil group Wf„ and a 
Weil map 8 V : Wf v —> Wf compatible with F —> F v . 

Let Wp be the maximal compact subgroup of Wf v - For any closed point 
v G X (ultrametric or archimedean) , we define the Weil group of " the residue 
field at v" as follows 

W k(v) :=WfJW Fv , 
while the Galois group of the residue field at v can be defined as G^^ := 
Gf v /Iv Note that Gy v -\ is the trivial group for v archimedean. For any v, 
the Weil map Wf v Gf v chosen above induces a morphism W k ( v ) — > G^m- 
Finally, we denote by 

q v : W Fv — )■ W F JW Fv =: W k[v) 

the map from the local Weil group Wf v to the Weil group of the residue field 
at v £ X. 

Definition 6. LetTx be the category of objects (Zo, Z v , f v ) defined as follows. 
The topological space Zq is endowed with a continuous Wp -action. For any 
place v of F, Z v is a topological space endowed with a continuous W k ( v )- action. 
The continuous map f v : Z v — > Zq is Wf v -equivariant, when Z v and Zq are 
seen as Wf v -spaces via the maps V : Wf v — > Wf and q v : Wf v — > W k i v ^ . 
Moreover, we require the following facts. 

• The spaces Z v are locally compact. 

• The map f v is an homeomorphism for almost all places v of F and a 
continuous injective map for all places. 

• The action ofWF on Zq factors through Wk/f, f or some finite Galois 
subextension F/K/F. 

A morphism 

4> '■ (Zo, Z v , f v ) — > (Z ,Z V , f' v ) 
in the category is a continuous Wf -equivariant map <j> : Zq Zq inducing 
a continuous map <j) v : Z v — > Z v for any place v. Then <p v is Ww v y equivariant. 
The category T% is endowed with the local section topology Ji s , i.e. the topology 
generated by the pretopology for which a family 

{<fi '■ (Zifi, Zi fV , fi fV ) — > (Zq, Z v , f v ), i E 1} 
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is a covering family if ]J, e j Z+ tV — > Z v has local continuous sections, for any 
place v. 

Lemma 3. The site (T x ,J^is) *s left exact. 

Proof The category T x has fiber products and a final object, hence finite 
projective limits are representable in T x - It remains to show that Ji s is sub- 
canonical. This follows easily from the fact that, for any topological group G, 
the local section topology Ju on B Fo pG coincides with the open cover topology 
Jo Vl which is subcanonical. □ 

Definition 7. We define the Weil-etale topos Xw a s the topos of sheaves of 
sets on the site defined above: 

X w :— (Tx,Ji s ). 
Proposition 5.1. We have a morphism of topoi 

j : E>w F — > Xw 

Proof By [14] Corollary 2, the site (Bt op W f ,Ji s ) is a site for the classifying 
topos Bw F is defined as the topos of y(WO?)-objects of T. By [TJ] Corollary 2, 
the site (BTopWp, Ji s ) is a site for By/ F . The morphism of left exact sites 

j* ■ {Tx,Jis) — ► {Bto P W f ,J 1s ) 
(Z ,Z v ,f v ) i > Z a 

induces the morphism of topoi j. □ 
Proposition 5.2. The morphism of topoi j : Byj F — > Xw factors through 

The induced morphism i : -B_h/ k/fs — > Xw is an embedding. 

Proof. Let (Zq, Z v , f v ) be an object of T x . The action of Wf on Zq factors 
through W K / F , for some finite Galois sub-extension F/K/F. Since W K / F and 
Zq are both locally compact, this action is given by a continuous morphism 

p : W K/F — > Aut(Z ) 

where Aut(Zo) is the homeomorphism group of Zq endowed with the compact- 
open topology. The kernel of p is a closed normal subgroup of Wk/f since 
Aut(Zo) is Hausdorff. Moreover, there exists an open subset V of X such that 
/„ : Z v — > Z is an isomorphism of Wf v -spaces for any v Let denotes 
the image of the continuous morphism 

W Fv — > W F „ — > Wk/Fi 

endowed with the induced topology. Then Wp is in the kernel of p for any 
v G V. Let Ny be the closed normal subgroup of Wk/ F generated by the 
subgroups Wp for any v £ V. Then p induces a continuous morphism 

W K/F /N V — > Am<(Z ). 
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We choose V small enough so that K/F is unramified above V and we set 
S := X - V. Then we have 

N v = II °L ^ C k^ W K/F and W K/F /N V = W K/F , S . 

Hence the action of W F on Zq factors through Wk/f,Si f° r some finite Galois 
sub-extension F /K/F and some finite set S of places of F containing all the 
places which ramify in K . The morphism of left exact sites 

3*: (Tx,J la ) — ► (B Top W F ,J ls ) 

(Zo,Z v ,f v ) I > Zq 

therefore induces a morphism 

*o : (Tx,Jis) — ► (Hl^B Top W K / FtS , Jis) 
(Zo,Z v ,f v ) i — > Zo 

where (lirrj Bp ov W K / F S , Ji s ) is the direct limit site. More precisely, 
lira BtovWk/f.s is the direct limit category endowed with the coarsest topol- 
ogy J such that the functors Bt pWk/f,s liHl Bto P Wx/f.s are an con- 
tinuous, when BTopWx/pg is endowed with the local section topology. One 
can identify lirrj Bp op Wx/F,s with a full subcategory of Bp op Wp and J 
with the local section topology Ji s . By ([TS] VI. 8. 2. 3), the direct limit site 
(lirrj Bto P Wx / f.s j Jis) is a site for the projective limit topos Bw K/FS - We 
obtain a morphism of topoi 

{ o B W K/F>S — > *w- 
It remains to show that this morphism is an embedding. Let J- be an object 
of Byv K/FS - Then i^i^F is the sheaf associated with the presheaf 

ioio*F : lirrj B Tov W K/ F S — > Set 

Z i — > lim io*F(Y ,Y v ,f v ) 

Z^i*(Yo,Y v ,f v ) 

where the direct limit is taken over the category of arrows Z — > Iq(Yq, Y v , f v ). 
For any object Z of lirrj Bp op Wx/F g, there exist a finite Galois extension 
Kz /F and a finite set Sz such that Z is an object of Bt op Wk z /f.s z - Consider 
the cofinal subcategory Iz of the category of arrows defined above, where Iz 
consists of the following objects. For any finite set S of places of F such that 
Sz C S, we consider the map Z — » Iq(Zo, Z v , f v ) with Z = Z as a Wp-space, 
Z v = Z as a Wfe(„)-space for any place v not in S and Z v = for any ueS, 
We thus have 

lim «o*-7 r (>o,^,/ 1 ;) = lim i 0if F(Z , Z Vl f v ) = F(Z). 

Hence i^io*J- is already a sheaf and we have 

i^io*F = igio^J- = T . 
This shows that io* is fully faithful, i.e. iq is an embedding. 

□ 
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Proposition 5.3. There is canonical morphism of topoi 

f : Xw — > -&r. 

Proof. We have a commutative diagram of topological groups 



(16) 



1 


> W k( v 

I 


W F 


> M 



where Wf — > R is defined as the composition 

W F -> Wf = C F ->• K+ = M. 

Hence there is a morphism of left exact sites 

(V7] f* ■ {B Top R,Ji s ) — > (Tx,Jis) 

1 ' Z .— > (Z,Z,Ial z ) 

where Z is seen as W^-space (respectively a Wfc(„)-space) via the canonical 
morphism Wf — > R (respectively via Wk( v ) R)- The result follows. □ 

5.2. The morphism from the Weil-etale topos to the Artin-Verdier 
etale TOPOS. Let X be the Arakelov compactification of the number ring Of- 
We consider below the Artin-Verdier etale site (Et x ; Jet) and the Artin-Verdier 
etale topos X et of the arithmetic curve X. 

Proposition 5.4. There exists a morphism of left exact sites 

7 *: (Etx; Ja) — > (T^Ju) 

U .— > (U ,U V J V ) ■ 

The underlying functor 7* is /uZ/?/ faithful and its essential image consists ex- 
actly of objects (Uq,U v , f v ) of T x where Uq is a finite W F -set. 

This result is a reformation of [3T] Proposition 4.61 and [3T] Proposition 4.62. 
We give below a sketch of the proof. 

Proof. For any etale A-scheme U, we define an object j*(U) — (Uo, U v ,f v ) of 
T x as follows. The scheme U y. x Spec F is the spectrum of an etale F-algebra 
and the Grothendieck-Galois theory shows that this F-algebra is uniquely de- 
termined by the finite G^-set 

Uo ■— Homs P ec F(Spec F, U x x Spec F) — Hom x (Spec F, U). 

Let v be an ultrametric place of F. The maximal unramified sub-extension 
of the algebraic closure F v /F v yields an algebraic closure of the residue field 
k(v)/k(v). The scheme U x x Spec k(v) is the spectrum of an etale fc(w)-algebra, 
corresponding to the finite Gj^-set 



U v := Homspcc fe(u)(Spec k(v), U x x Spec k(v)) = Hom x (Spec k(v), U) 
The chosen _F-embedding F — > F v induces a Gf v -equivariant map 

fv ■ U v — > Uq- 
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Consider now an archimedean place v ol F. Define 

U v := Hom x (v, U) — U x x v 

where the map v — > X is the closed embedding corresponding to the 
archimedean place v of F. As above, the F-embedding F — » F v induces a 
Cf„ -equivariant map 

fv ■ Uy > Uq. 

For any place v of F, the set U v is viewed as a Wfc(„) -topological space via 
the morphism Wk( v ) — > Gfc(^) . Respectively, Uq is viewed as a Wi?-topological 
space via Wf — >• G\f. Then the map f v defined above is Wf v -equivariant. We 
check that the map f v is bijective for almost all valuations and injective for all 
valuations (see [3T] Proposition 4.62). We obtain a functor 

7* : Et x > T x . 

This functor is left exact by construction (i.e. it preserves the final objects 
and fiber product) and continuous (i.e. it preserves covering families) since a 
surjective map of discrete sets is a local section cover. The last claim of the 
proposition follows from Galois theory. □ 

Corollary 7. There is a morphism of topoi 7 : Xw X et . 

Proof. This follows from the fact that a morphism of left exact sites induces a 
morphism of topoi. □ 

5.3. Structure of X w at the closed points. Let n be a place of F. 
We consider the Weil group Wf.( v ) an d the Galois group G^m of the residue 
field k(v) at v £ X. Note that for v archimedean one has Wm v ) = K and 
Gk( v ) = {!}■ Consider the big classifying topos E>w k{vV i.e. the category of 
y(Wfc(V))-objects in T. We consider also the small classifying topos Bg™ , 
which is defined as the category of continuous Gu v )-sets. The category of lo- 
cally compact Wfc(„)-spaces i?TopW / fc(t)) is endowed with the local section topol- 
ogy Jis- Recall that the site (BT op W k ^ , Ji s ) is a site for the classifying topos 
Bw k , v) - We denote by Bfs e tsGk( v ) the category of finite G fc („)-sets endowed 
with the canonical topology J can - The site (BfSetsGu v -\, J C an) is a site for the 
small classifying topos Bq£ ^ . 

For any place v of F, we have a morphism of left exact sites 

K : (TxtJls) > (BTopWk( v ),Jla) 

(Zo,Z v ,f v ) 1 > Z v 
hence a morphism of topoi 

iv '■ Bw k(v) — > Xw- 
On the other hand one has morphism of topoi 
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for any closed point v of X. For v ultrametric, this morphism is induced by 
the closed embedding of schemes 

Spec k(v) — > X 

since the etale topos of Spec k(v) is equivalent to the category Bq^ ^ of con- 
tinuous G/ £ ( l) )-sets. Note that this equivalence is induced by the choice of an 
algebraic closure of k(v) made at the beginning of section fSTTl By Corollary 
14.11 there is a closed embedding 

Sh(X 00 ) = ]±Set^X et 

which yields the closed embedding 

Uv ■ = Set^X et 

for any archimedean valuation v of F. In both cases, we have a commutative 
diagram of left exact sites 

(BTopWk( v ), Jls) < (BfSetsGk( v ), Jean) 

«; < 

where u*(U) is the finite Gj.(„)-set Hom x (Spec k(v), U) (respectively 
Horrix(v,U)) for v ultrametric (respectively archimedean). This commu- 
tative diagram of sites induces a commutative diagram of topoi. 

Theorem 5.1. For any closed point v of X , the following diagram is a pull-back 
of topoi. 

B w hM ► B GkM 

X\V > X et 

In particular, the morphism i v is a closed embedding. 
Proof. We first prove a partial result. 

Lemma 4. The morphism i v is an embedding, i.e. i vie is fully faithful. 

Proof. We use below the fact that the full subcategory 

W k{v) x Top ^ B Top W k(v) 

is a topologically generating subcategory of the site (BT op Wk( v ) , Jls)- Here 
Wu v \ x Top consists in locally compact topological spaces of the form Z = 
Wy v ) x T on which Wy v ) acts by left multiplication on the first factor. In 
particular, a sheaf T of 

B\V kM = {BTopW k ( v -),Ji s ) 

is completely determined by its values F{W k ( v ) X T) on objects of Wk( v ) X Top. 
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Let T be an object of B\y kM ■ Consider the adjunction map 
(18) i* o i m T — > T . 

The sheaf i* o i v *T is the sheaf on (Bto P Wi~(v) , Jis) associated to the presheaf 

Z -4 lim i m J"(y , i^u, f w ) = lim ^"(X) 

Z->i;(Vb,n.,/«,) Z^i* v (Y ,Y w ,f w ) 

where the direct limit is taken over the category of arrows Z — > i*(Yo,Y w , f w ) 
with_(y , Y w , f w ) an object of T X - 

Let F/K/F be a finite Galois sub-extension, let S be a finite set of closed points 
of X such that v € 5 and let Z = x T be an object of Wj-m X Top. 

Consider the object of 

y(*f, 5, Z) = (T ,T W J W ) 

defined as follows. We first define the topological space 

To = W K/F , S x w * Z := (W K/F ,s x W k(v) x T)/W Fv = (W K/F>s /W Fv ) x T 

endowed with its natural Wf-action. For any w not in S, we consider T w = 
Wk/f,s X WFt > Z on which Wk( w ) acts via the map 

w Hw) = w F jw Fw — ► W K/FtS . 

For any w £ S such that w ^ v, we set T w — 0, and we define T v = Z . The 
map f w is the identity for any w not in S and 

f v :Z—>W K/F , s x Wf " Z 

is the canonical map. This map f v is continuous and injective. The image of 
W F in Wk/f,s is compact, and the spaces To and T w are locally compact for 
any place w so that y(K, S, Z) is an object of Tjf. 

On the one hand, the functor Z M> Wk/f,s X " Z is left adjoint to the 
forgetful functor Bt op W k / F s — > Bt op W Fv . On the other hand, for any object 
(lo) }«>>/«;) °f ^jjr, the action of Wf on Z factors through Wk/f,s f° r some 
finite Galois extension K/F and some finite set S of places of F. It follows 
that 

{y(K, S, Z), for K/F Galois, 5 finite } 

yields a cofinal system in the category of arrows Z — > i^,(Yo, Y w ,f w ) considered 
above, for any fixed object Z of Wu v ) x Top. Hence i* o i^T 7 is the sheaf on 
{BTopW k ( v ), Jis) associated to the presheaf 

W k(v) xTop — ► Sei 

Z i — > lim JYY„) = lim JYZ) = JYZ) 

z->i;(y ,y ro ,/„) z^i%y{K,s,z) 

Since xTop is a topologically generating subcategory of {BropW^v), Jis), 

the sheaf on Bw kM associated to this presheaf is J 7 , and the adjunction mor- 
phism (|18[) is an isomorphism. This shows that i vt is fully faithful, i.e. i v is an 
embedding. □ 
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Definition 8. Let v be a closed point of X. We consider the morphism p v : 
T — > Bw k(y) whose inverse image p* v is the forgetful functor, and we denote by 
i— the composite morphism 

iy := i v op v :T — > Bw k(v) — > Xw- 

For any object Z = W k ^ v ) x T of the full subcategory Wy v j x Top ^ BT op W k ^ 
and for any sheaf F of Xw, we have 

(19) i p v F{Z) = lim F{Y Q ,Y W J W ) = lim F{y{K,S,Z)) 

Z^-i*(Y ,Y w ,f w ) Z^i*y(K,S,Z) 

where we consider the pull-back presheaf i%F on BTopW k ( v y The morphism 
p v : T — > Bw k{lj) is induced by the morphism of left exact sites given by the 
forgetful functor BTopWk( v ) —> Top. By adjunction, for any space T of Top 
and any presheaf V on BTop^k{v) we have 

f v V{T) = V{W k{v) xT). 

Hence the isomorphism i^ = pi? o i v v gives 

(20) i? r F(T)=i^(Z)= lim F(y(K,S,Z)) 

where Z := Wm v ) x T. We consider the category of compact spaces Top c . The 
morphism of sites {Top , J op ) — > {Top, J op ) induces an equivalence of topoi, 
hence one can restrict our attention to compact spaces. Let us show that i P T F 
restricts to a sheaf on {Top c , J op ). Let {Ti —> T, i 6 /} be a covering family of 
{Top c , Jop), i-e. a local section cover of compact spaces. One can assume that 
I is finite, since any covering family of {Top c , J p) can be refined by a finite 
covering family. For any K/F and any S, 

{y{K, S, W k(v) x Ti) -». y{K, S, W k(v) x T)} 

is a covering family of (Tg , Ji s )- Moreover the fiber product 

y{K, S, W k(v) x Ti) x y(K>SiWkMXT) y{K, S, W k[v) x Tj) 

computed in the category Ty, is isomorphic to y{K, S, W k ( v j x Ti 3 •), where 
denotes T^ x T . It follows that the diagram of sets 

F{y{K,S,W k{v) xT)) -^Y[F(y(K,S,W k{v) xTi)) ^]]_F{y{K, S,W k(v) xT i:j ) 

i i,j 

is exact. Passing to the inductive limit over K and S, and using left exactness 
of filtered inductive limits (i.e. using the fact that filtered inductive limits 
commute with finite products and equalizers), we obtain an exact diagram of 
sets 

i i,j 

as it follows from (f2"U|) . Hence i^F is a sheaf on {Top c , J ov ). Therefore, for any 
compact space T , one has 

(21) %F{T)=i*F{T)= Km F{y{K,S,Z)) 

z—n*y{K,b,z) 
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where Z — W k ( v ) x T. 

Lemma 5. The family of functors 

:X w ^T,ve X } 
is conservative, where X° is the set of closed points of X. 
Proof. Let T be an object of X w . We need to show that the adjunction map 
(22) .F— > J| i^F. 

veX° 

is injective. For any (Zq, Z w , f w ) of T x , we have 

Y\ (i-J^J 7 )(Z ,Z w J w ) = Y[ ivF( z v)- 

vex vex 

Note that, in the term on the right hand side of the equality above, Z v is 
considered as a topological space without any action. For any v, we choose a 
local section cover of the space Z v : 

{T V:l ^ Z v , I G A t ,} 

such that T v j is a compact subspace of Z v for any index I. Such a local section 
cover exists since Z v is locally compact. The map 

%^F{Z V ) — > Y[ iiF( T v,i)- 
leAv 

is injective since V^T is a sheaf. It is therefore enough to show that the com- 
posite map 

n : T(Z ,Z w ,f w ) — > J] i^F(Z v ) — )• Yl i^F(Tv.i) 

vex vex°,ieK 

is injective. Let a, /3 £ J-(Zq, Z w , f w ) be two sections such that k(o>) = n{j3). 
For any pair (v, I), we consider 

K v< i : F(Z a , Z w , f w ) — > Yl iijF{Tv,i) — > i^{T v j). 

vex°,ieA v 

For any (v, I), we have K Vl i(a) — n V) i{fi) and by (|2"TT) 

%F(T Vtl ) = lirqF(y(K, S, W k(v) x T V>1 )) 
where the direct limit is taken over the category of arrows 
W k[v) x T v ,i — > i* v y(K,S, W k(v) x T Vti ). 
The inclusion T v> i C Z v gives a W^(„)-equivariant continuous map 

Wfe(ti) x T v j — > i v (Zo, Z w ,f w ) = Z v . 
Thus for any pair (v, I), there is an object y{K, S, W k i v ) x T Vi {) and a morphism 
y(K, S, W k{v) x T v j) — > (Z , Z™, /„) 
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in the category T x inducing the previous map 

Wk( v ) x T v,i = i* v y{K, S, W k ( v ) x T V; i) — > i* v (Z , Z w , f w ) = Z v 

and such that cxu v n — /3\t v n, where ot\r v ,i) (respectively P\( v ,i)) denotes the 
restriction of a (respectively of 0) to y(K, S, Wy v ) x T Vt {), We obtain a local 
section cover 

{y(K, S, W k(v) x T v> i) (Z , Z w , f w ), veX°,le A v )} 

in the site {T Xl Ji s ) such that ot\( v ,i) = P\{v,l) f° r anv ( v i0- ^ follows that 
a = f3 since T is a sheaf. Hence k is injective and so is the adjunction map 

□ 

A morphism of topoi / is said to be surjective if its inverse image functor /* 
is faithful. 

COROLLARY 8. The following morphism is surjective: 
{iv) veX ° ■ II B W Hv) — > X w . 

v£X° 

Proof. The morphism of topoi 

(iv) ve x° '■ II T — > x w 

v€X° 

is surjective since its inverse image is faithful by the previous result. But 
(iv)vex° factors through (i v ) v ex°i hence {i v ) v ^x° 1S surjective as well. □ 

Proof of Theorem 15. li Since the morphism i v is an embedding, we have in fact 
two embeddings of topoi 

where the fiber product Xw x x ct ) * s defined as the inverse image 

7~ 1 (i?g™ ) of the closed sub-topos £?c" l (ti) =-> X et under the morphism 7 (see 
[H] IV. Corollaire 9.4.3). Therefore Bw k(v) is equivalent to a full subcategory 
of Xw x x st ) ' This fiber product is the closed complement of the open 
subtopos Yw ^ Xw where Y := X — v (see the next section for the definition 
of Yw)- In other words, the strictly full subcategory Xw x Jf et Bq£ } °f x w 
consists in objects Q such that Q x 7*F is the final object of Yw It follows 
that 

i v *T x 7*? 

is the final object of Yw, for any object F of Bw k(v) ■ 

We have to prove that Bw k{v) is in fact equivalent to Xw x x ct ^G™ ' L,e * ^ 
be an object of this fiber product, i.e. an object of Xw such that Q x -f*Y is 
the final object. Consider the adjunction map 

Q — > i v *i* v Q- 
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If w is a closed point of X such that w ^ v, then the morphism i w factors 
through Yw- 

i w : BiVn W — > Yw — > Xw 
We denote by i Y w : Bw k{v) Yw the induced map. Hence 

llQ = lyJQ x Y) 

is the final object of Bw k(m) , since Q x Y is the final object of Yw and iy is 
left exact. On the other hand 

i* w iv*i* v G = i Y w (iv*i* v G x Y) 

is the final object of Byy since i v *ilG x 7 is the final object of Yw- Hence 
the map 

C(£) — ► i* w {iv*i* v G) 
is an isomorphism for any closed point w =^ v of X. Suppose now that w = v. 
Then the map 

i* v (G) — ► i* v {iv*i* v G) = {i* v i v *)i* v G = i* v G 
is an isomorphism by Lemma 21 Hence the morphism 

i* w {G) — > i* w {iv*i* v G) 

induced by the adjunction map G — ► iv*i* v G is an isomorphism for any closed 
point w of J. Since the family of functors 

{i* w : X w ->■ B WhM , w £ X} 

is conservative, the adjunction map G — > iv*i* v G is an isomorphism for any 
object G of 7~ 1 (£?q™ ). Hence any object of 7 _1 (^gT ) is in the essential 
image of i v *. This shows that the morphism 

B W k(v) — > X w xg et Bf% M 

is an equivalence (this is a connected embedding). Theorem 15. II follows. □ 

We consider the morphism 



X w = Spec(C F )vi/ — > Spec(Z) w 



induced by the map Spec(0F) —> Spcc(Z). 
Proposition 5.5. The canonical morphism 



8 x :X w —> X et ><s^r )ct Spec(Z) H/ 

is an equivalence. 

Proof. Let X' be the open subscheme of X consisting of the points of X where 
the map X — > Spec(Z) is etale. Let Y — > X be the complementary reduced 
closed subscheme. 
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(i) The morphism is an equivalence over X' and over Y. The 
canonical morphism 



X' w -> X' et Xg^y^ Spec(Z) w 



is an equivalence. Indeed, the morphism X' — > Spec(Z) is etale hence we have 



X 'et x s^(z) ot S P ec ( Z )w = (Spec(Z) et /X') Xg^y^ Spec(Z) w 

= Sp^(Z)ct (Sp^cTZ) w / 7 *X') 



- Spec(Z) w / 7 *X' 

— -^V 



Let Y' be the image of Y in Spec(Z), such that Y' x Spcc( - Z ) Spec(Z) is given 
with a structure of reduced closed subscheme of Spec(Z). The morphism of 
etale topoi Y et — > Spec(Z) et factors through Y' et . It follows from Theorem 15.11 
that one has 



Y et X S^(Z) ct S P eC ( Z V - Y et Xy c ' t y'et X S^(Z) ot S P eC ( Z )w 
- Yet Xy e ' t Y^. 

We have the following equivalences Y et = JJveY B al M > Y ct - Llpev B gT (p) 
and := ]\ peY , B Wk{p) . We obtain 





X (IW 






II 






II fl W»c: 


, = Y w 


ti£V 





p£Y> 



In view of the pull-back squarre ([!}, the last equivalence above follows from 
the fact that 

is a localization morphism. 

(n) The natural transformation t between the glueing functors. 
The previous step (i) shows that there is an open-closed decomposition of topoi 



j : X' w -> X et x Spec(z) ^ Spec(Z) w <r- Y w : i 

By Theorem 15.11 we have another open-closed decomposition 

j : X{y ^ X w <-Y w :i 

The glueing functors associated to these open-closed decompositions are given 
by i*j* and The map X\y —> X et x Spcc ^ Spec(Z) ly induces a natural 



On the Weil-etale topos of regular arithmetic schemes 29 



transformation 

(23) t : i*j* — > 
Indeed, the following commutative diagram 

X' w — - — > X w < — ' — Y w 

(24) lid |<5x 



id 



x w > x et x Spcc(z) ct Spec(Z) H , < Y w 

gives °* — i arL d $x° 3 = J- Then the natural transformation (|23p is induced 
by the adjunction transformation § x §x* — > Id as follows : 

1 J* = * °x°X*J* ' * J*- 



(in) The glueing functors are naturally isomorphic. Since the dis- 
joint sum topos Y w = YlveS Bw k < V ) 1S given by the direct product of the cate- 
gories Bw k r v i ' h is enough to show that the natural transformation 

(25) i*j* — > i* v j* 
is an isomorphism for any v G Y. 

Let T be an object of X' w . The sheaf i% o j^T (respectively i* o j^J 7 ) is the 
sheaf on (Wfc(u) x Top, Jis) associated to the presheaf i v v o j^F (respectively to 
the presheaf i£ o ]*F). Recall that W fe („) x Top is a topologically generating 
subcategory of [B Top W k ( v ) , Ji s ). It is therefore enough to show that the natural 
map 

(26) i?oj^->iPoj,^, 

of presheaves on W^m x Top, is an isomorphism. 
On the one hand, for any object F of X' w we have 

(27) i p J*F(W k(v) x T) = lim J-((F , y w /„) x X') 

(28) = Kn^ tS F(y(K/F, S, W fcW xT)xI) 

where ([28]) is given by (|T9l) . See the proof of Lemma |4] for the definition of 
y(K/F, S, Wk( v ) x T). On the other hand, for any object F of X' w we have 

i%UF(W k{v) x T) = lirqUF((Z , Z w , f w )^V ^ U) 

= lirr^F((Z a , Z w , f w ) x v U x X') 

where the direct limit is taken over the category of arrows 

(29) W k{v) x T -> i;((Z , Z„,/„) -> F <- U) = Z v x Vp U v . 

Here, ((Z$, Z w , f w ) — > V <S— U) is an object of the fiber product site C x , i.e. 
(Z ,Z w ,f w ), V and t/ are objects of the sites r Spcc(z) , M gpec(z) and £% 
respectively. Then (Zq, Z w , f w ) Xy U is seen as an object of Tjf. Finally, the 
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place p is defined as the image of v & X in Spec(Z). We refer to [53] and section 
[7] for the definition of the site C x . 

There is a natural functor from the category of arrows of the form (|29|) to the 
category of arrows (W k ( v ) xT) -> i*(Y"o, Y w ,f w ) sending ((Z ,Z W , f w )->V<h- 
V) to (Zo, Z w , f w ) xy V . This provides us with the natural map 

(30) %}*HW k[v) x T) — > i p J*F(W k{v) x T). 

In order to show that (|30p is an isomorphism, we have to show that the system 

W k(v) xT ^i* v ((Z ,Z w ,f w ) x v U), 

where (Z , Z w ,f w ) — » V <— U) runs over the class of objects in C x , is cofinal 
in the category of arrows Av,t ■ 

W k{v) xT^i* v (Y ,Y w ,f w ). 

We know that the system given by the y(K, S, Wy v j x T)'s is cofinal in A v .t- 
Here v £ S and K/F is unramified outside S. One can choose S large enough 
so that S contains Y. Let S' be the image of S in Spec(Z). Then K/Q is 
unramified outside S'. If we denote by L/Q the Galois closure of K/Q (in the 
fixed algebraic closure Q/Q), then L/Q remains unramified outside S', and 
L/F is Galois and unramified outside S. Moreover, we have a morphism 

y(L/F, S, W k(v) x T) -> DW-F, 5, W fc(e) x T) in A,t- 

Hence one can restrict our attention to the objects of Ay } T of the form 

W k(v) xT-) l ;y(^/ J F, S, W fc(t) ) x T) 

where if/Q is a Galois extension unramified outside S'. We denote again by p 
the image of v in Spec(Z) and we consider the object 

y(K/Q, 5', W Hp) x T) -> y <- U in Cjf , 

where and f are defined as follows. Using Proposition l5.4l the etale Spec(Z)- 
scheme V is given by the Guj-set Gk/q/I p , with no point over S' — {p}, and 
exactly one point over the place p corresponding to the distinguished Gq p -orbit 
of Gk/q/Ip on which the inertia group I p acts trivially. The etale X-scheme U 
is given by the G^-set Gk/f/Iv, with no point over S — {v}, and exactly one 
point over the place v corresponding to the distinguished Gp v -orbit of Gk/f/Iv 
on which the inertia group I v acts trivially. Finally, we enlarge S so that S is 
the inverse image of S' (which is the image of S) along the map X — > Spec(Z). 
Then the map U V is well defined. 
Assume that one has an identification 

(31) y(K/F, S, W k{v) x T) = y(K/Q, S\ W k(p) x T) x v U 
in the category T x . It would follow that the system of objects 

W k(v) x T -»• i*{{Z , Z w , f w ) x v U) 

is cofinal in the category A Vj t- The map (1301) would be an isomorphism for 
any T and any T, hence (|26[) would be an isomorphism of presheaves for any 
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T . This would show that the transformation (|25[) is an isomorphism. Hence 
the transformation (|23[) would be an isomorphism as well. 
It is therefore enough to show (f3"Tj) . One has 

y(K/F, S, W k(v) x T) = y(K/F, S, W k(v) ) x (T, T, Jd T ) 

and 

y (/f/Q, w fe (p) x T ) = WQ. ^(rt ) x ( T > T > W 

in the category Ty, hence one can assume that T = * is the point. We have a 
map in 

(32) 3WF, 5, W fc(l() ) — > y(K/Q, S', W Kp) ) x v U. 

and we need to show that it is an isomorphism. Let w be a point of X. If 
w E S and w =/= v, then the w-component of both the right hand side and 
the left hand side in (|3"2"|) are empty. Assume that w is not in S. Then the 
w-components of y(K/F, S, W fc( „)), y(K/Q, S', W k{p) ), V and [/ are the W k(w) - 
spaces W k /f,s/W^ v , W K /<Q,S'/W^ p , G k /<q/I p and G K / F /I V respectively. But 
we have an W^^-equivariant homemorphism 

W k /f,s/W^ v = (W K/ q, S '/W^ p ) X(g k/q /i p ) (Gk/f/Iv)- 

Moreover, the u-component of y(K/F, S, W k ( v )), y{K/Q,S',W k(p) ), V and U 
are the W fc („)-spaces W k ^, W k (p), G k ( p )/G k{u ) and G k ( v) /G k{u ), where u the 
unique point of U lying over v. But we have an Wfe(„)-equivariant homemor- 
phism 

W k(v) = W k{p) X(G k(p) /G k(u} ) {G k ( v )/G k(u) ). 
This shows that ([32)) is an isomorphism in Tj, and (|3 1 1) follows. 

(v) The morphism ^ is an equivalence. We consider the glued topoi 
(YwtXwf^j*) and {Y W ,X' W ,\*]*). Recall that an object of (Y w ,X' w ,i* j*) is 
a triple (E, F, a) with E EY W , F E X' w and a : E i*j*F (see (T^ IV.9.5.3). 
There is a canonical functor 

where z*^ 7 ->■ i*j*j*J 7 is given by adjunction. By ([19] IV Theorem 9.5.4), this 
functor is an equivalence, and the same is true for the canonical functor 

Xet x s P cc(z) ct s P ec ( z )w — ► (Xw,X' w ,i*U) 

Under these identifications, the inverse image functor 5*^ is given by (see dia- 
gram {2D) 

<% : (iv,x^,i*j*) — ► (y w ,x^,rj*) 

(£?,F,r) .— ► (E,F,t F o T ) 

Here i is the transformation defined in step (ii), and tF°T denotes the following 
composition : 

tpoT'.E — y i*j*F -> 
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Since t is an isomorphism of functors, the inverse image functor is an equiv- 
alence, hence so is the morphism $x- D 

6. The definition of X w 

6.1. Let X be a scheme separated and of finite type over Spec(Z). Recall the 
defining site Et-^ of the Artin-Verdier etale topos X ct from section 2J For any 
object U of Et-^ one has the induced topos 

W e t = Xet/U = {Et-x/U, Jind). 

Definition 9. For any object U of Et-^ we define the Weil-etale topos oflA as 
the fiber product 

U w ■= U c t x^(z) ot Spec(Z) w . 



This topos is defined by a universal property in the 2-category of topoi. As a 
consequence, it is well defined up to a canonical equivalence. We point out two 
special cases. If U = (X, Xoo) = X is the final object we obtain the definition 
of X w and if U ~ (X, 0) we obtain the definition of Xw- The topos Xw will 
play no role in this paper but Xw is our central object of study in case X is 
proper and regular. 

Note also that for X = Spec(Oi?) Definition [9] is consistent with Definition [7] 
by Proposition [53J 

Proposition 6.1. The first projection yields a canonical morphism 

l~x '■ Xw — > Xct- 
Proposition 6.2. There is a canonical morphism 

: Xw — > -Br- 

Proof. The morphism f% is defined as the composition 

X w — > Spec(Z) VK — > i? R 

where the first arrow is the projection and the second is the morphism of 
Proposition 15.31 □ 

The structure of the topos Xw over any closed point of Spec(Z) is made explicit 
below. Note that X ®z ¥ p is not assumed to be regular. 

Proposition 6.3. Let Spec(F p ) be a closed point of Spec(Z). Then 

Xw x^zy^ Spec(F ?) ) ot Si (X ® z ¥ p ) w = (X ® z F p )^ x T 

where (X (S>z¥ p )w denotes the big Weil-etale topos of X <S>zF p . 
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Proof. The result follows from the following equivalences. 



X W X Sp^(Z) ot S P eC ( F p)et = X et X Sr^(Z) ct S P eC ( Z )w X Sp^(Z) ct S P eC ( F p)ot 

- X <* X Spoc(Z) ot 

— ^et X Spec(Z) et Spec(F p ) et K Spec (]F p ) et I?Wf p 



S (A" ® Z F p ) et X S »m Bw 

(A" (g> z F p ) w 

The second equivalence, the fourth and the last one are given by Theorem 15. 1[ 
Proposition 14.21 and Corollary [1] respectively. □ 

COROLLARY 9. The closed immersion of schemes (X ®z F p ) — > X induces a 
closed embedding of topoi 

(X ®i¥ p ) w — ► X w . 



We denote by oo the closed point of Spec(Z) corresponding to the archimedean 
place of Q. This point yields a closed embedding of topoi 



Set = Sh(oo) — -> Spec(Z) et . 
This paper suggests the following definition. 
Definition 10. We define the Weil-etale topos of X^ as follows: 

%oo,w '■= Sh^oc) x £?r. 
The argument of Proposition ^. 31 is also valid for the archimedean fiber. 

Proposition 6.4. We have a pull-back square of topoi: 

Xoo w > Set 

(33) 



X w ► Spec(Z) et 

In particular i^ is a closed embedding. 

Proof. The result follows from the following equivalences. 



X W X Spcc(Z) ot - X <* x S poc(Z) ct S P ec ( Z )w X Spec(Z) et 

- X & X Spoc(Z) ot B « 

- ^et x S poc(Z) ot ^ X Set Br 

= Sh(Xoo) x get -Br 

Indeed, the second (respectively the fourth) equivalence above is given by The- 
orem [O] (respectively by Corollary [5]) . □ 
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6.2. We assume here that X is irreducible and flat over Spec(Z). Let us 
study the structure of Xw at the generic point of X. We denote by K(X) the 
function field of the irreducible scheme X. Let K(X)/K(X) be an algebraic 
closure. The algebraic closure Q/Q is taken as a sub-extension of K(X)/Q. 
Then we have a continuous morphism Gk(x) ~* Gq. 

Definition 11. Let X be an irreducible scheme wich is flat, separated and of 
finite type over Spec(Z) . We consider the locally compact topological group 

W K ( X ) ■= Gk(x) x g q Wq 
defined as a fiber product in the category of topological groups. 

Proposition 6.5. Let X be an irreducible scheme wich is flat, separated and of 
finite type over Spec(Z). There is a canonical morphism j-^ : Bw K{x) ~ > Xw- 

Proof. The continuous morphism Wkix) ~* Gx{x) induces a morphism 
B Wlcm -> B Glcm -> B s ^ x) . 

Here the second map is the canonical morphism from the big classifying topos 
of Gk(x) to its small classifying topos, whose inverse image sends a continuous 
Gk( x)-set E to the sheaf represented by the discrete Gk (x)-space E (see [13] 
Section 7). The generic point of the irreducible scheme X and the previous 
choice of the algebraic closure K (X) /K(X) yield an embedding ^ X et . 

We obtain a morphism 

On the other hand we have maps 

Bw K(x) — > B Wq — > Spec(Z) w 
and a commutative diagram 

B Wk(x) > Spec(Z) w 

J _L 

X et > Spec(Z) et 

The result therefore follows from the very definition of Xw . □ 

Unfortunately the morphism j~x is n °t an embedding. The structure of Xw at 
the generic point is more subtle, as it is shown below. We assume again that 
X is irreducible, flat, separated and of finite type over Spec(Z). The generic 
point Spec(Q) — !> Spec(Z) and Q/Q induce an embedding 

Sg£ = Spec(Q) et ^ Splc7Z) et . 

The corresponding subtopos of Spec(Z) M/ is the classifying topos of the topo- 
logical pro-group (see Proposition 15. 2[) 

W-k/q,s '■— {Wk/q,s> f° r Q/K/Q finite Galois and S finite}. 
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Recall that we have 



where the projective limit is understood in the 2-category of topoi. In other 
words, there is a pull-back 



Spec(Z) M/ ► Spec(Z) et 

The generic point of the irreducible scheme X and an algebraic closure 
K(X)/K(X) yield an embedding Bg£ x =-> X ct . We obtain 



X w x^ t Bg£ (J|r) = Spec(Z) M/ Xg^y^ A- ot x 7ct Bg£ w 



= -Bw , X Ram Bpt' 1 



The small classifying topos BpV 2 is the projective limit limBpV 1 where 

L/K(X) runs over the finite Galois sub-extension of K(X)/K{X). For such 
L we set L' := L Pi Q. Then the same is true for -Bg^, i.e. we have B@^ = 

m 

; t'/Q 



limBfV 1 , Since projective limits commute between themselves, we have 



BJ, m x B a m JJw —UmBfV 1 X-iimB sm limB w ,, r „ 

^ i,S V a G L ,, Q w L'/q,S' 



By Corollary |4l the fiber product B^ n Xg™ Bw „ is equivalent to 

the classifying topos of the topological group G h j K ^ X ) X G L , /V T^L'/Q.s where 
the fiber product is in turn computed in the category of topological groups. 
Note that W L > m t s ~> G L > m has local sections since G L > m is profinite (see [H] 
Proposition 2.1). 

Definition 12. Let K(X)/L/K(X) be a finite Galois sub-extension and let S 
be a finite set of places o/Q containing all the places which ramify in L' = L(~|Q. 
We consider the locally compact topological group 

W L/K(X),S : = Gl/k{X) X G l , /q Wi7Q,S 
defined as a fiber product in the category of topological groups. 
We have obtained the following result. 
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Proposition 6.6. Let X be an irreducible scheme wich is flat, separated and 
of finite type over SpecifL). We have a pull-back square of topoi 

lim T o Bu/. , o > BfV 1 



X\y > X et 

where the vertical arrows are embedding. 

7. COHOMOLOGY OF X w WITH M-COEFFICIENTS 

The fiber product topos Xw, as defined in section [6l is equivalent to the cat- 
egory of sheaves on a site iC-jr, J-y) lying in a non-commutative diagram of 
sites 

(*%'^%) i (^Spcc(Z)' ^ is ) 



(%'^t) (^ S poc(Z)'^ ct ) 

The site (C^r, is defined as follows (see [24] ) ■ The category is the 
category of pairs of morphisms IA — ¥ V 4— Z, where U is an object of Et-^, 

V is an object of E t Sp , z -. and Z is an object of T Spcc ^ ■ The map U — > 

V (respectively Z — » V) is understood as a morphism U — > f*V in Et-^ 
(respectively as a morphism Z — >• 7*!^ in 2y). 

The topology is generated by the covering families 

{(Hj -> VJ <- Zi) -> (W ->■ V <- 2), » e /} 
of the following types: 

(a) Ui — U, Vi — V and {Zi — > Z} is a covering family. 

(b) Zi — Z, Vi — V and {Ui — > U} is a covering family. 

(c) {{W -> V" <- Z') -> (W -> V" <- Z)} with Z/ = W, and Z' -> Z is obtained 
by base change from the map V —> V of Et Spcc ^y 

(d) {(W V" <- Z') -> (W V <- Z)} with Z' = Z, and W -> W is obtained 
by base change from the map V' — >• V of Et Spec ^ z y 

Then (C^r, J7y) is a defining site for the fiber product topos AV- The topology 
is not subcanonical. 

Definition 13. For any T -topos t : £ — > T, we define the sheaf of continuous 
real valued functions on E as follows: 

M := t*(yR) 

Here yM. is the abelian object ofT represented by the standard topological group 



For an irreducible scheme X which is flat, separated and of finite type over 
Spec(Z), we consider the morphism : B\y K(x} —> X\y defined in Proposition 

KB 
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Proposition 7.1. Let X be an irreducible scheme wich is flat, separated and 
of finite type over Spec(Z). We have R n j x *R = for any n > 1. 

Proof. Recall that the morphism j-^ is defined by the following commutative 
diagram of topoi. 

B Wk(x} — — > Spec(Z) H/ 



Xet Spec(Z) et 
The site (Bt<>pWk(x), Ju) is a defining site for B\y K{x) , and we denote by a*, 
b*, 7* and /* the morphism of sites inducing the morphism of topos a, b, 7 and 
/. The morphism j~x '■ B\v K(x) — > %w is induced by the morphism of sites : 

Cjc — ► Bto P W K ( X ) 
(U^V^Z) 1 — > a*Ux a , f , v b*Z 

Note that one has an identification a*Ux a * f* v b*Z = a*Ux b * 7 * v b*Z. Consider 
the object of T gpec ^ whose components are all given by the action of Wq on 

W Q /W^R: 

(R,E,7d R ) = f*ER 

This object f* EM. is a covering of the final object in T gpee ^ for the local section 
topology, hence 

f^ER = (* -> * <- f £R) — >■ (* ->■ * <- *) 

is a covering of the final object of C-^ for the topology jT^r. 

The sheaf R n j x *R is the sheaf on (Cx, Jx) associated to the presheaf 

(W^V^Z) .— ► H n (B WK(x) ,a*Ux a , f , v b*Z,R) 

Since the object f^ER defined above covers the final object of Cx, we can 
restrict our attention to the slice category Cx/f^ER. Let (14 — > V <r- Z) be 
an object of C x /f^ER, i.e. (14 -> V <- Z) is given with a map Z -> f^£JR in 
^ Spcc(z) • ^ e obtain a morphism 

a*^/ x a ./. v 6*Z — > W KW /W^ (X) 

in the category BtojWk^x)-, where the homogeneous space (W K ^ X )/W^^ X ^) = 

R is seen as an object of Bt op Wk(x)- 

On the other hand the continuous morphism 

W K(X) — ► ^(^)/^ ( ^, = R 

has a global continuous section. This gives an isomorphism in T 

y(W K (x)/W^ {x) ) = yW K{x) /yW^ {x) 

and a canonical equivalence 

B w K{x) /y{W K(X )/W 1 K(X) ) S B^c^j/d/Wif^j/yW^-^)) = B^-i^. 
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Under this equivalence the object represented by 

a : a*U x„. f . v b*Z — > (W K(X) /W^ (X) ) S R 
corresponds to the object of B w ^^ x represented by the subspace 

a _1 (0) C a*U x a , rv b*Z 
endowed with the induced continuous action of W^^ x y Thus one has 

H n {B WKm , a*U x a , rv b*Z, I) = H n (B wk(x) , a _1 (0),i). 
Therefore it is enough to prove 

(34) H n (B w}({x) ,Z,R) := ^(B^/jZ.Rx yZ) = 0, 

for any object Z of BT pW^, x -. and any n > 1. We have two canonical equiv- 
alences 

B wi K{x) /EW l K{x) - T and {B w]i JyZ)l{EW 1 K(x) x yZ) - T/yZ. 
We obtain a pull-back square 

T/yZ — ^ r 



/l' 



ft 



^iv 1 /j/^ ► ^w 1 

^K(AT) ' 3 VV K(X) 

where all the maps are localization morphisms (local homconiorphisms of topoi 
in the modern language). It follows easilly that this pull-back square satisfies 
the Beck- Che valley condition 

h*U = I'ji'* . 

Moreover the functor h'*, being a localization functor, preserves injective 
abelian objects. We obtain 

(35) h*R n (QA^R n (Qh'*A 

for any abelian object A of B w i jyZ and any n > 0. The forgetful functor 
h* takes an object T of T endowed with an action of yWft, x s to T . Hence 
R n (U)A is the object R n (l^)A endowed with the induced yW^-^-action. 

Lemma 6. We have R n (l'J(R x yZ) = for any n>l. 

Proof. We consider the morphism I' : T /yZ ->■ T. The sheaf R n (Q(R x yZ) 
on T = {Top 10 , Ji s ) is the sheaf associated to the presheaf 

P n (Q(R x yZ) : Top lc — > Afe 

T i— ► H n (T/y(Z x T), R x y(Z x T)) 
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It is enough to show that H n (T/yT',R x yT') — for any locally compact 
topological space T" = Z x T. By ([19] IV. 4. 10. 5) we have a canonical isomor- 
phism 

H n (T/yT',R x yT') = H n (T',C°(T',R)) 

where the right hand side is the usual sheaf cohomology of the paracompact 
space T" with values in the sheaf C°(T',R) of continuous real valued functions 
on T' . It is well known that the sheaf C (T',R) is fine, hence acyclic for the 
global section functor. The Lemma follows. □ 

Therefore the sheaf 

h*R n (Q(R x yZ) = R n (Qh'*(R x yZ) 

vanishes for any n > 1, hence so does R n (h)(R x yZ). The spectral sequence 

HP(B wk(x) ,R"(h)(R x VZ)) H*>+i(B wkx) /yZ,R x yZ) 

degenerates and yields an isomorphism 

H n (B wl U(R x yZ)) £ H n (B w , JyZ,R x yZ) 

for any n > 0. The sheaf l*(R x yZ) is given by the object x yZ) of T en- 
dowed with the induced action of yWj^, X y as it follows from (|3"5l) . Furthermore, 
one has 

I'^R x yZ) = l'J'*{R) = Hom T (yZM) 

where the right hand side is the internal Horn-object in T (see [19] IV Corollaire 
10.8). The sheaf Hom -j-(vZ, R) is represented by the abelian topological group 
Hom T (Z, R) of continuous maps from Z to R endowed with the compact- 
open topology, since Z is locally compact. The compact-open topology on 
Hom T (Z, R) is the topology of uniform convergence on compact sets, since 
M is a metric space. The real vector space Hom Tcp (Z, R) is locally convex, 
Hausdorff and complete (see [6] X.16. Corollaire 3). Note that the action of 
Wjf/x) on Hom Tcp (Z, R) is induced by the action on Z, and that the group 
^K(x) ^ S com P ac t- By [14] Corollary 8, one has 

H n (B w , Km ,Hom Top (Z,R)) = 0. 

In summary, for any locally compact topological space Z with a continuous 
action of W^, x <. and any n > 1, one has 

H n (B wk(x) /yZ,Rx yZ) = H n (B w ^ x) ,h(^ * V^) 

= H n (B wlK{x) ,Hom Top (Z,R)) 
= 



Hence (05 holds and R n (jx *W = for any n > 1. □ 
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Lemma 7. Let X be an irreducible scheme which is flat, separated and of finite 
type over Spec(Z) . If X is normal, then the adjunction map 

is an isomorphism. 

Proof. Firstly, wc need to restrict the site C-^. The class of connected etale 
^-schemes (respectively of connected etale Spec(Z)-schemes) is a topologically 
generating family for the etale site of X (respectively of Spec(Z)). It follows 
easily that the subcategory CL- c C^r, consisting in objects (U — >• V <— Z) of 
C^t such that U and V are both connected, is a topologically generating family. 
Then we endow the full subcategory with the induced topology via the 
natural fully faithful functor 

Then CL. is a defining site for the topos Xw 

The composite map f^oj'x ■ Bw K <x) ~^ — > #r is induced by the morphism 
of topological groups Wk(x) — > R- The canonical isomorphism j^f^R = R 
induces 

On the one hand f^R is the sheaf associated to the abelian presheaf 

f*K: — ► 

{U^V-^Z) i — >• Hom ci _{(U -)■ V <- Z), (* -> * <- ft)) 

where f R denotes the object (M,K,7d) of J 1 Spcc( - z - ) (with trivial action of the 
Weil groups on R). For any object (W -> V <- Z) of with Z = (Z , Z v ,f v ), 
one has 

f*LR(« -> V <- Z) = Hom CI _((U -> V <- Z), (* -> * <- ft)) 

= ^ wr (Z,ff) 

= J ffom BropWQ (Z ,R) 

= ff m Top (Zo/VF Q ,R). 

One the other hand, the morphism j^- is induced by the continuous functor: 

— > B Top W K ( X ) 
{U^V^Z) i— > a*Ux a *f* v b*Z 

Hence the direct image is given by 

JxMU -^V^Z) = Hom BTopWK{x) {a*U x a . f . v b*Z,R). 

Here the topological group R is given with the trivial action of Wk(x)- We set 

Wo := a*U and V := a* f*V. 

Note that 14q (respectively Vb) is given by the finite Gfc(x)-set (respectively the 
finite Gq-set) corresponding, via Galois theory, to the etale K (X)-scheme Uxx 
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SpecK(X) (respectively to the etale Q-scheme F ® Q). Here, Uq (respectively 
Vo) is considered as a finite set on which Wk(x) acts via Wk(x) ~^ Gk(x) 
(respectively via Wk(x) ~> Gq). Finally, Wk(x) acts on the space Z := b* Z 
via W K ( X ) -> Wq. 

Since W K ( X ) acts trivially on R, one has 

jy,R(W -> V <- 2) = Homg Top w K ( X j [(i*U x oV . v fe*Z,M) 
= Hom Top ((U xvo Z )/W XW ,R). 



(i) The map f^-R ->■ j^R is a monomorphism. 

The morphism f^-R — > R is given by adjunction. It is induced by the 

morphism of presheaves on C'-rr given by the functorial map 

x 

(36) Hom Top (Z /W Q ,R) — »• Hom Top ((U x Vo Z )/W K(X) ,R) 
which is in turn induced by the continuous map 

(37) (Wo x Vo Z )/W K[ x) — >• V^Q- 

Let (W — >• V <— Z) be an object of CL-. Hence U and V are both connected. 
Since U and V are both normal, the schemes U Xx Spec(K(X)) and V x gpce ^ 
Spec(Q) are connected as well. By Galois theory, the Galois groups G K f X ) and 
Gq act transitively on Uq and Vo respectively. Hence the Weil groups Wx(x) 
and Wq act transitively on Uq and Vo respectively. 
Wc have maps of compactified schemes 



U X -> Spec(Z) and U -> V -)■ Spcc(Z). 

We consider the subfield of if (W) consisting in elements of K (U) that are 
algebraic over Q, i.e. we set 

L{U) :=K(U) HQ. 

Note that W is normal and connected, hence irreducible, so that its function 
field K(U) is well defined. We consider the arithmetic curve Spec(O i ( W )). Since 
U is normal, we have a canonical map 



U — »• Spec(0 L(w) ) 



We denote by U' the (open) image of U in Spec(0L(^)). Then we have a 
factorization 



W -> U' -> V -> Spcc(Z) 



since V — >■ Spec(Z) is etale. 

The group Wk(x) acts transitively on Wo, hence the choice of a base point 
Mo S Wo induces an isomorphism of W^-^-sets : 

a :U = W K (x)/W K (u) = G K (x)/G K (u)- 
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We fix such a base point Uq € Uq. Then one has a 1-1 correspondence 

(U x Z )/W K{X) — > Z /W K(U} = Z Q /W UU) 
(u ,z) I — > z 

where the equality Zq/Wkoa) — ^o/W / l(w) follows from the fact that the image 
of W K( u) in Wq is precisely W L{U) . 

We consider now the commutative diagram of topological spaces 
(U Q x Vo Z )/W K[X) -J^U Z /W® 

i s 

(Uo x Z )/W K(X) — Z /W L(U ) 

a 

where i is injective and s is surjective. We denote by vq the image of uq G Uq 
in Vo (note that U — )• V induces a map Wo — ► Vo). 

Let z 6 Zo/Wq. There exists w S Wq such that lo.z goes to «o under the 
Wjj-equivariant map Zq — > Vq, since Wq acts transitively on Vq. Then one has 
w.z = z, (uq,w.z) G Uq xy Zo, and 

s o a o i(uo, w.z) = s o a(uo, w.z) — s(w.z) = z 

where * stands for the orbit of some point * under some group action. Using 
the previous commutative diagram, this shows that the map (|37l) is surjective 
whenever U and V are both connected. Hence the map (|36|) is injective for any 
object (U — > V <— Z) of C^. In other words the morphism of presheaves on 

is injective. Since the associated sheaf functor is exact, the morphism of sheaves 
is injective. 

(n) The map f^R j^R is an epimorphism. 
One has 

f^f (U -^*^Z) = Hom Tw (eU x eZ- f^R). 

Here we denote by * the final object -5^ S pec(Z) " Moreover, we denote by elA 
(respectively by eZ) the sheaf on the topos Xw associated to the presheaf 
represented by (U — > * -s— *) (respectively by (* — > * <s— Z)), where * stands 
for the final object of the corresponding site. Finally, the product eU x eZ is 
computed in the topos Xw- By adjunction, we have 

f4LR(W -> * <- Z) = Hom^ w (eU x eZ; f^R) 

= Hom x /eU (sU xeZ,eUx fiLR) 



On the Weil-etale topos of regular arithmetic schemes 43 



where we consider the slice topos Xw/eU. On the other hand we have 
X w /eU = {X ct x gpcc(z) ^ Spec(Z) w )/eW 

* (Xet/yU) x s^(z)et Spec ( z )w 

=: Uw 

- U ^ X UU Kt x s^(zj ct Spec(Z)^ 

— Met x U' Bt Uyy 

where U' C Spec(0£(^)) is defined as in the proof of step (i). The last equiv- 
alence above is given by Proposition 15.51 Hence the fiber product site Cu for 
U ct X;/' XJ' W given by the sites Etu, Etu 1 and Tu>, is a defining site for the 
topos Uw- Then the object eU x eZ of 

Xw /dA = Uw — U Q t x U w 

is the sheaf associated to the presheaf on Cu represented by (* — > * «— Z) 
where Z = (Zq, Z v , f v ) is seen as an object of Tjj> by restricting the group of 
operators on Zq and Z v for any place v of Q. Moreover, the object eU x f^-R 
of Xw jeU — Uw is precisely f u R. It is the sheaf associated to the presheaf 
f u R on Cjy represented by (* — > * f^/R). Therefore, we have 

R(* ->• * <- Z) = Hom C -((* -> * <- 2), (* -4 * <- fj^R)) 
= ff«nr„ (Z,ft,R) 
= Hom,B Top w L ( U ) (-^OjR) 

= i/oTO T o P (^o/T^ i(W) ,R) 

By the universal property of the associated sheaf functor, we obtain a map 
from 

f*R(* -> * <- Z) = HomTopiZn/W^u^M.) 

to the set 

f* R(* -> * <- Z) = tfom^ (eW x eZ, f* R) 

= Ham X w /ell( £U X eZ > £ ^ X f^) 

= Ham-x w {eU x eZJ^R) 
= f^R(W ->• * <- Z) 
Composing this map R(* ->• * «- Z) — > f^R(W — >• * «- Z) with 

(38) f^R(U * <- Z) — > K(W * «- Z), 

we obtain the natural bijective map from 

f*R(* -> * <- Z) = i/om Top (Z /iy L(w) ,R) 
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to the set 

Jx,R(U -)• * <- Z) = HomTop{Zo/W L(uh R). 

It follows that the map (|38|) is surjective. 
It remains to show that the map 

(39) f^-R(W -)• V <- Z) — > R{U ->• V <- Z) 

is surjective when V is not necessarily the final object. For any object (U 
V <— Z) of C-^, we consider the following commutative diagram 



f^R(U -> * <- Z) — ) ^ K(W -> * <- Z) 



pLR(W -> V <r- Z) — ) R(W -> F «- Z) 

We have proven above that the map (1381) is surjective. The vertical arrow p is 
the natural map from 

jy, M(W -> * <- Z) = ffo mBTopffx(fl (Wo x Zq,M) 

to the set 

jy, K(W ->■ V <- Z) = i/om BTof%w (Wo x Vo Z , R), 

which is surjective as well. Indeed, Uq Xy Z is an open and closed Wx(xy 
equi variant subspace of Uq x Zq, hence any equi variant continuous map Uq Xy 
Zq — > R extends to an equivariant continuous map Uq x Zq — > R. It follows 
immediately from the previous commutative diagram that the map (|39[) is 
surjective, for any object (U — > V <— Z) of C^. Therefore the morphism of 

sheaves f^-R — > j-^* R is surjective. □ 

Theorem 7.1. Let X be an irreducible scheme wich is flat, separated and of 
finite type over Spec("L) . If X is normal then the morphism 

f^:H n {B R ,R) -^H n {X w ,R) 

is an isomorphism for any n > 0. 

Proof. The Leray spectral sequence 

degenerates by Proposition 17. II This shows that the canonical morphism 
H n (X w ,R) £* H n (X w ,jx*R) — > ff n (B WKW ,R) 

is an isomorphism, where the first identification is given by Lemma [7] These 
cohomology groups can be computed using the spectral sequence associated 
with the extension 

1 -> Wk(X) -> W K(X) -> R "> I- 
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Indeed, localizing along _ER, we obtain a pull-back square 



B w i , , — ► T = B R /ER 



■ K(X) 



(40) p ,| p | 

This gives an isomorphism 



Bw Kix) — — > B K 



P*R n (q*) = R n (qi) P '* 

for any n > 0. The argument of the proof of Proposition 17.11 shows that 
R n (ql)M. = for any n > 1. Hence i?"(<7*)R = for any n > 1. Moreover q is 
connected, i.e. q* is fully faithful, hence we have 

qjk = q*q*R = K. 

Therefore, the Leray spectral sequence given by the morphism q 

H 1 {Bm, R J (q*)R) H i+ j(B WKm ,R) 

degenerates and yields 

H n {B m ,R) = H n (B R ,qS) S H n (B WK{x) , R) 

for any n > 0. The result follows. □ 

8. Compact support Cohomology of X w with R-coefficients 

Throughout this section, the arithmetic scheme X is supposed to be irreducible, 
normal, flat, and proper over Spec(Z). 

8.1. The morphism : X w — > X et . Recall the notion of etale ^-scheme 
defined in section SJ An etale A'-scheme is in particular a topological space so 
that it makes sense to speak of connected etale ^-schemes. Theorem 17. II yields 
the following result. 

Corollary 10. For any connected etale X-scheme IA, the morphism 



: H n (B^,M) — > H n (U 



is an isomorphism for any n > 0. In particular, one has H n (U\y,R) = R for 
n = 0, 1 and H n (U w , R) = for n > 2. 

Proof. This is clear from the fact that an etale ^-scheme U = (U, D) is con- 
nected if and only if the scheme U is connected, and Theorem 17.11 applies to 
U. □ 

Recall that 7^7 : Xw ~ > X e t is the projection induced by Definition [9] 

Proposition 8.1. The sheaf R n j^* W * s ^ e constant etale sheaf on X as- 
sociated to the discrete abelian group R for n = 0, 1 and R n y^ t (M.) = for 
n > 2. 
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Proof. For any n > 0, R n j^ r (M.) is the sheaf associated to the presheaf 
Etx — > Ab 

Hence the result follows immediately from Corollary [TU1 since Xy/ / "f^M — 
U w . □ 



8.2. The morphism : Xoo.w -> X ( 



8.2.1. If T is a locally compact space (or any space), one can define the big 
topos TOP(T) of T as the category of sheaves on the site (Top/T, J op ) where 
J ov is the open cover topology. It is well known that the natural morphism 
TOP(T) — > Sh(T) is a cohomological equivalence. The following lemma gives 
a slight generalization of this result. 

Lemma 8. Let T be an object of Top. Let T/t &e the big topos of T and let 
Sh(T) be its small topos. For any topos S, the canonical morphism 

f : T/t Sh(T) x S 

has a section s such that s* = /* . 

Proof. We first observe that one has a canonical equivalence 

TOP(T) := {Top~/T\J op ) S* T/t, 

where TOP(T) is the big topos of the topological space T. In what follows, 
we shall identify T/t with TOP{T). The morphism /' : T/t -> Sh(T) has a 
canonical section s' : Sh(T) — > T/t, hence the map 

/ = (/', Ids) :T/ T x5^ Sh(T) x S 

has a section 

s := (s', Ids) ■ Sh{T) T/ T X 5. 

Moreover, we have s'* = hence a sequence of three adjoint functors 

r, /: = a s '„. 

The functor fl — s'* is called restriction and is denoted by Res. The functor 
/'* is called prologement and is denoted by Prol. 

The category Op(*) of open sets of the one point space is a defining site for 
the final topos Set . The site (5, J ca n) and (T/t, Jean) can be seen as sites for 
the topoi 5 and T/t respectively, where J can denotes the canonical topology. 
Then the morphisms /' and s' are induced by the left exact continuous functors 
/'* and s'* respectively. A site for T/ T x5 (respectively for Sh(T) x S) is 
given by the category C of objects of the form (T — > * S) (respectively by 
the category C of objects (F — > * <— S)). Here S is an object of S, F is an 
etale space on T, J- is a big sheaf on T and * is the set with one element. The 
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categories C and C both have an initial object (0 — >■ ^ — 0). The morphism of 
topoi / is induced by the morphism of sites 

.r 1 : C — > C 

(F — > * <— S*) i— > (Prol(F) -> * <- 5) 

and the morphism s is induced by the morphism of sites 

s" 1 : C — ► C 

( T -> * <- 5) i — ► (Res(T) -> * «- 5) 

Let £ be a sheaf of T/t x 5. Then one has 

f*£{F -^*<-S)= £{Prol(F) -^*<-S) 

for any object (F — » * 5) of C. On the other hand, s*C is the sheaf 
associated with the presheaf 

S P£: C — > Set 

(F^*^S) i — ^ lirq£(T^ * <- 5') 

where the direct limit is taken over the category of arrows 

(F -> * <- 5) — )• (i?e.s(J") * <- S*'). 

But this category has an initial object given by (Prol(F) — > * «— S), since Prol 
is left adjoint to Res. We obtain 

s- l C{F -^*^S)= £(Prol(F) ^*^S). 

Hence s _1 £ is already a sheaf isomorphic to /*£. This identification is func- 
torial hence gives an isomorphism of functors 

/* = **■ 

□ 

Corollary 11. Let A be an abelian object of T/t x <5 and let A' be an abelian 
object of Sh(T) x 5. We have the following canonical isomorphisms: 

H"{T/t *S,A)= H n {Sh{T) x S,UA) 

H n (Sh(T) x S,A') = H"(T/t x S,f*A'). 

Proof. By Lemma[8l the Leray spectral sequence associated with the morphism 
/ : T/t x S — >• Sh(T) x S degenerates since /* = s* is exact. This yields the 
first isomorphism 

H n {T/ T x5,i)~ H n {Sh{T) x S, f,A) = H n {Sh{T) x S, a* A). 

Applying this identification to the sheaf f*A', we obtain 

H n {T/ T x SJ*A') = H n (Sh(T) x S,A') 

Indeed, we have / o s = Id hence 

f*f*A' = s*f*A' = (/ o a )* A' = A'. 

□ 
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Corollary 12. Let S be any topos. We denote by pi : T X S — >• T and 
P2 : T x 5 — >• 5 £/ie projections. For any abelian object A! of T x S, one has 

H n (TxS,A')=H n (S, P2 *A'). 

For any abelian object A of T , one has 

H n (T x S,plA) = H n (S,A(*)). 

Proof. The topos T is the big topos of the one point space {*} while Sh(*) — 
Set is the final topos. The map 

f :TxS^ Sh(*) x S = Set x S = S 

is the second projection p 2 . Hence one has 

(41) H n {TxS,A / )=H n (S,p 2 *A') 

as it follows from Corollary [TT] 
There is a pull-back square : 





TxS - 


S 


(42) 








T - 


Set 



The functor e-y-* has a right adjoint, so that e-7-* commutes with arbitrary 
inductive limits and in particular with filtered inductive limits. Hence the 
morphism ej- is tidy (see [25] C.3.4.2). It follows that the Beck-Chevalley 
natural transformation 

e* s oe r * =P2*°P*i- 
is an isomorphism (see [25] C.3.4.10). But the sheaf 

P2*P*A = e* s er*A 

is the constant sheaf on S associated with the abelian group A(*), since ex* is 
the global section functor and e* s is the constant sheaf functor. Applying (|4*T|) 
to the sheaf p\A, we obtain 

H n (T x S,p$A) = H n (S,p 2ir plA) S H n (S,e* s e T *A) = H n {S,A(*)) 

for any n > 0. □ 

Lemma 9. Let U be a contractible topological space and let 

q :TxSh(U) — > T 

be the first projection. Then one has 

R n {q*)q*R = forn > 1. 

Proof. The sheaf R n (q*)q*M. is the sheaf associated to the preshcaf 

P"(g,)g*E : Top — ► 

X 1 — > H n (T x Sh(U),q*yK,q*R) 
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Recall that Top denotes the category of locally compact topological spaces. 
The category Top c of compact spaces is a topologically generating family of 
the site (Top,Ji s ). It is therefore enough to show 

(43) H n (T x Sh(U), q*yK, q*R) := H n ((T x Sh(U))/ g * yK ,q*R x q*yK) = 
for any compact space K and any n > 1. We have immediately 

(T x Sh[U))/ q , vK = T/yK x Sh(U). 

We denote by qK '■ T/yK x Sh(U) — > T/yK — > T the morphism obtained by 
projection and localization. Equivalently qx is the composition 

T/yK x Sh(U) £ (T x Sh(U))/ q . yK — > (T x S7i(l7)) — ► T. 

We consider also the map 

s : x Sfe(IT) — ► T/yK x 57i(l7) 

defined in Lemma |S1 Then the following identifications 

H n (T x Sh{U),q*yK, M) = H n (T/yK x Sh(U), q* K R) 

= H n (Sh(K) x Sh(U),s*q* K R) 

= H n {Sh{K x f7),s* g ^R) 

are induced by the following composite morphism of topoi 

a : Sh(K x U) — -¥ Sh(K) x S7i(Z7) — ► T/yK x S7i(Z7). 

Indeed, the first map Sh(K x U) — > Sh(K) x Sh(U) is an equivalence since 
is compact, and the second map induces an isomorphism on cohomology by 
Corollary II II The commutative diagram 

Sh(K x C7) > Sh(K) x 57i(f7) — — > T/yX x S7i([/) 

(44) | pi L K 

s/i^) ► r/jc ► r 

shows that the sheaf iPg^M on the product space K x U is the inverse image 
of the sheaf C°(K, R), of continuous real functions on if, along the continuous 
projection pi : K x U ^ K . In other words, one has 

s*g^f = p;C (JC,]R). 

Consider the proper map 

p 2 :KxU — >U. 

By proper base change, the stalk of the sheaf R n (p2*)p*C°(K, R) on U at some 
point u e {/ is given by 

(^(p 2 ,KC (Jf,R)) tl = /f"(p 2 - 1 M,PiC°(if,R) | p - 1(u) ) =H n (K,C°(K,R)). 

This group is trivial for any n > 1. Indeed X is compact, in particular para- 
compact, hence C°(-fT, R) is fine on K. Thus we have 

R n {p 2 *)plC°{K,R) = for any n > 1. 
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Applying again proper base change to the proper map K — > *, we see that 
P2*PiC°(K, R) is the constant sheaf on U associated with the discrete abelian 
group 

C°(K,R) := H°(K,C°(K,M)). 

The Leray spectral sequence associated with the continuous map K x U — > U 
therefore yields 

H n (Sh(KxU), pJC° (K, R) ) S fT* (C7, p 2 *PiC (if, R) ) = fl™ (C/, C° (X, R)) 

for any n > 0. But [/ is contractible hence H n (U, C°(K, R)) = for n > 1, 
since sheaf cohomology with constant coefficients of locally contractible spaces 
coincides with singular cohomology, which is in turn homotopy invariant. We 
obtain 

H n (K x U,plC°(K, K)) = H n (U,C°(K,R)) = 
for any n > 1. The result follows since we have 

H n (T x Sh{U),q*yK,R) S H n {Sh(K x I7),**c&i) 

= H n (Sh(K x C/),p*C (/i-,R)) 
= 

for any compact space if and any n > 1. □ 

8.2.2. We still denote by X an irreducible normal scheme which is flat and 
proper over Spec(Z). Recall that X^ is the topological space X an /G-g., and 
that the Weil-etale topos of Xoo is defined as follows (see Definition ITUl) : 

Xoo,w '■= -Br x Sh(Xoo) 

Proposition 8.2. Consider the projection morphism 

7oo : Xoo y w = -Br x Sh(Xoo) — > Sh(Xoo)- 

If R denotes the constant sheaf on X^ associated to the discrete abelian group 
R we have 



R n = 0,l 
n > 2 




i?" 7oo ,(R) S 

and 

i? n 7oo*(Z) - 



Proof. The sheaf R n joo* (R) is the sheaf on the topological space associated 
to the presheaf 

P"(7oo*)(R) : OpiX^) — > 

[/ .— > H n (B M x ShiXcv), U,R) 

where Op(A' 00 ) is the category of open sets of X^. One has 

H n {B R x ShiXc^Ufi) := H n (B R x ShiX^/U.R) = H n {B R x Sh(U),R). 
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The family of contractible open subsets U C X^ forms a topologically gener- 
ating family of the site (Op(X oa ), J p), since X^ is locally contractible. It is 
therefore enough to compute the groups H n (B R x Sh(U), R) for U contractible. 
For any contractible open subset U C Xoo, we consider the following pull-back 
square : 

Txsh(u) — > r 

(45) r| 

B R x Sh{U) —2-^> B R 

Here the vertical arrows I and I' are both localisation maps (recall that 
B R /ER = T), while p and and q are the projections. This yields a canoni- 
cal isomorphism 

I* {Bp*) = (Rq*)l'*. 

By Lemma O we obtain 

r(i?>*)i S (E"g*)Z'*R = (fl n ^)g*t = 

for any n > 1. It follows immediately that (i?"p*)R = for n > 1, since 
i* : Br — > T is the forgetful functor (forget the j/R- action). 
The contractible topological space J7 is connected and locally connected, hence 
so is the morphism of topoi Sh(U) —> Set . Since connected and locally con- 
nected morphisms are stable under base change (see [25] C.3.3.15), the first 
projection p : B R x Sh(U) —> is also connected and locally connected. In 
particular, p* is fully faithful hence we have 

p*R :=p*p*R = R 

The Leray spectral sequence associated to the morphism p therefore yields 

(46) H n (B R x Sh(U),p*R) £* H n (B R ,p,p*R) = H n (B Rl R). 

But one has i7"(.BR,R) = R for n = 0, 1 and H n (B R ,R) = for n > 2. Hence 
the sheaf i? n 7oo*(R) is the constant sheaf on X^ associated to the discrete 
abelian group R for n = 0, 1 and R n (-foo*)R = for n > 2. 
To compute R n -y 00 *(Z) recall that for any group object Q in a topos £ and any 
abelian ^-object A there is a spectral sequence 

H p {H q {£/g\A)) =>■ /f p+9 (B e ,.4). 

Applying this to{?=Rin£ = 7"x Sh(U) we note that the classifying topos of 
^ is just Br x Sh(U) by [ID] . Hence for A = Z we obtain a spectral sequence 

H p {H q (T/R' x S7i(t/), Z)) = H p (H q (Sh(R m x 17), Z)) =► H p+q {B R x S7i([/), Z) 

where we have again used Corollary [TT] and the fact that the spaces R 9 are 
locally compact. Now if U is contractible so is R q x U and H q (Sh(R' xU),Z) = 
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Z (resp. 0) for q — (resp. q > 0). The spectral sequence degenerates to an 
isomorphism 

H P (B R x Sh(U),Z) Si H P (C(Z)) = 

where C(Z) is the complex associated to the constant simplicial abelian group 
Z which is quasi-isomorphic to Z[Q]. The sheaf -R™7oo*(Z) is associated to the 
presheaf U n- H p (B-r x Sh(U), Z) and hence takes the values in the statement 
of Proposition IO □ 

By Proposition 18.21 the Leray spectral sequence for 7^ induces a long exact 
sequence 

■ • • — > H l (Xao, R) — )■ H l (Xryo w, R) — » 1 (A' 00 , R) — > • • • 
which decomposes into a collection of canonical isomorphisms 

(47) W (Xoo,w ,M) = H 4, (A'oo , R) © IT -1 , R) 

since is canonically split by the morphism of topoi a : S'ft.(A' 00 ) — > Br x 
S'ft,(A' 00 ) which is the product with S^X^) of the canonical splitting Set —> 
T — » Br of the canonical projection Br — > 7" — ► /Set. Note here that cr* 
applied to the adjunction map R = 7£o7oo,*R — > R is an isomorphism R = 
<j*R = cr*R = R. 

8.3. The fundamental CLASS. The map ■ X w — > B R induces an isomor- 
phism 

: Hom c (R,R) = ^(Br.R) ff^AV,!). 
Definition 14. TTie fundamental class is defined as follows: 

0:=f^(/d R ) g# x (;*V,R)- 

We consider the sheaf R as a ring object on the topos Xw For any R-modulc 
M on Xw, one has (see [19] V.3.5) 

Ext? (Xw i Rj M) = £a;tg(# w ,Z, M) = ^(J^M), 

Hence the Yoneda product 

£rf|(AV,R,R) x Extl(X w ,R,M) — ► £xi| +1 (*V,R,M) 

gives a morphism 

ff^wr.R) x H n (X Wl M) H n+1 (X W ,M). 

Thus the fundamental class G H 1 (Xw, R) defines a R-linear map of R- vector 
spaces 

(48) U : iJ™ (;*V , Af) — ► ff ™ +1 , M), 

Furthermore, the etale sheaf R n Jx t (M) is the sheaf associated with the 
presheaf 

P«7^(M): % — ► _/46 

W 1 — ► H n {U w ,M) 
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For any U etale over X we define 9jj to be the pull-back of 9 in ^(Uw , K). 
Then cup product with the fundamental class 6jj gives a map H n (Uw, M) — ► 
H n+1 (Uw,M), which is functorial in In other words, we have a morphism 
of presheaves P n j^^(M) —> P n+1 j^ ^(M). Applying the associated sheaf 
functor, we obtain a morphism of sheaves 

(49) U9 : R n 7x^(M) — > iT +1 7*,,(M) 

More precisely, the map (|48|) is induced by a morphism of complexes 

(50) U 9 : (M) — > fl% w (M) [1] . 

Consider now the complex of etale sheaves Ry^^M). For any etale Af- 
schcme W, the complex of abelian groups Ry^ ^(M)(U) is quasi-isomorphic 
to RFjj (M). Hence cup product with the canonical classes 9jj yields a mor- 
phism of complexes of sheaves 

(51) 1)9 : RrxJM) — > RTxJM)W 



The morphisms of complexes ([50]) and ([51]) above are well defined in the corre- 
sponding derived category. Moreover, the morphisms (|4*51) . (14*91 . (I5TJ1) . and ([5T]) 
arc functorial in M. 

Finally, the morphism ([ST]) is compatible with (|48|) in the following sense. 
Under the canonical isomorphisms H n (Xw , M) = W l (X et , Rj-^ t (M)) and 
H n+1 (X W ,M) = W l (X et ,Rj^ :t (M)[l]), the morphism induced by j5TJ on 
hypercohomology groups 

(52) e»(7F et ,#7^(M)) — > e"(7P et ,i*7^(M)[l]) 



coincide with the morphism (|48j) . 

Consider now the open-closed decomposition 

<y9 : Af ef — > X et i — Sh(Xoo) : 

given by Corollary 14. II The morphism 7 : Xw X et gives pull-back squares 

Xw — — — > Xet 



and 



Xw — > Xct 



Xoo,w — 7 °° > Sh(Xoo) 
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The second square is indeed a pull-back, as can be seen from the following 
commutative diagram: 

Xoa^w — 7 °° > Sh^oo) ► Sh(oo) = Set 

Xw Xet ► Spec(Z) ei 

The right hand side square and the total square are both pull-backs by Corollary 
[5] and Proposition 16.41 respectively. It follows that the left hand side square is 
a pull-back as well. 

Theorem 8.1. There is an isomorphism R n y^^((/)\R) = iptM. for n = 0, 1, and 
i?™7y Hi (0iR) = for n > 2. Under these identifications, the morphism 

given by cup product with the fundamental class, is the identity of the sheaf 
tp\R. 

Proof. We have an exact sequence of abelian sheaves on Xw- 

-> </>iR -> R -)• ioo*! -)■ 
Applying the functor Rj^*' we obtain an exact sequence of etale sheaves 

But we have canonical isomorphisms 

(53) i? n 7j F ,(i 00 ,K ) = R n (^Joo*)R = i?"(woo*7oo*)R = «oo*# n 7oo*(i) 

for any n > 0, since the direct image of a closed embedding of topoi is exact. 
Therefore, by Proposition lS.ll and Proposition l8.21 we obtain an exact sequence 

-> T^^it — > R — > Uoo ,M. -> i^T^^R) -> R -4 Uoc*R -4 J? 2 7^ t (0|R) -4 

and i?™7^7 it (0!R) = for n > 3. The map R — > w^R is surjective since Moo is 
a closed embedding. Hence we have an exact sequence 

-4 fl n 7y„,(0|E) -4 R -> Uoo*R -4 

for ?i = 0, 1 and R n y^^ (0iR) = for n > 2. The first claim of the theorem 
follows. 

For any connected etale A'-scheme IA, we have a commutative square of R- vector 
spaces 

H°(U W ,R) H l (Uw^) 

! i 

H°(B K ,M) = R uMr - > iJ 1 (_Bjt,R) = R 
where the vertical maps are isomorphisms by Corollary [TU] The R-linear map 

(54) UMr : H Q (B R ,R) = R ^ H\B R ,R) = Hom cont (R,R) 
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sends 1 (f R to Ids.. Under the identification 

H 1 (B M ,-k) = Hom cont (R,R) = R 

which maps / : R — > M to /(l), the morphism (|54|) is the identity of R. Hence 
the morphism 

U% : H°(U W ,R) =R — > H^Uw,^) = K 

is just the identity, for any connected etale .Y-scheme It follows that the 
morphism of sheaves defined in (|49|) 

(55) U 9 : i?°7^ (R) = R ^ i? 1 ^ (R) = R 
is the identity of the sheaf R. 

The same argument is valid for the sheaf ioo*R. The composite morphism 

P '■ Xoo,w — -Br x Sh(Xoo) — > X — > Br 
is the first projection. We consider the fundamental class 

9^ := p*(Id R ) = ^(0) e H^X^w,^). 
Then the morphism 

U6 : R^^ooS) — > R^xAiocS) 
coincides, via the canonical isomorphism (|53j) . with the morphism 

Uoo*i?°7oo*(IR) ->• Uoo*^ 1 7oo*(R) induced by 

U^oo : i?°7oo* W — > JiVocOR). 
But for any contractible open subset U C X^ , one has a commutative square 

H^^Xoo^w , U, R) 2£ -> H 1 (X QOt w, U, R) 

ff°(5 R ,R)=R u/dp - > ff 1 ( J B R ,R)^R 
where all the maps are isomorphisms, as it follows from (|46[) . Hence the map 

Uf^oo : R = 7oo*(I) — ► flSocW = R 
is the identity, and so is the morphism 

(56) U 9 : i?°7^( ioo *R) = Uoo *R — > fl 1 ^, (»«,.&) = Uoo „R. 

The morphism (|49p is functorial hence U0 gives a morphism of exact sequences 
from 

-> 0iR -> R -> wR -> 

to 

But the morphisms (|55[) and (1561) are both given by the identity map, hence so 
is the morphism 

U0 : i?°7»(0!R) = pit — > R 1 7*(^ ! R) ^ <ptR. 

□ 
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Definition 15. For any abelian sheaf A on X\y, the compact support coho- 
mology groups H l c (X\y ,R) are defined as follows: 

H l c (X w ,A) := iP(AV,<M) 

Theorem 8.2. Assume that X is irreducible, normal, flat and proper over 
Spec(Z). The compact support cohomology groups H^(Xw,R) are finite di- 
mensional vector spaces over R, vanish for almost all i and satisfy 

5^(-l) < dim R flj(Ar W r,]R) = 0. 

iez 

Moreover, the complex of R-vector spaces 

■ ■ ■ ^ H't(X w ,R) ^ Hl +1 (X W ,R) -H£> ... 

is acyclic. 

Proof. Consider the Leray spectral sequence 

HV(X et ,Rijx* (</>«)) => HP+«(X W , 
given by the morphism 737. This spectral sequence yields 

H°(X W , (f>,R) = H Q (X et ,if,R) = 
and a long exact sequence 

► H l {X e t,R JxM^)) ► H x (Xw,^M) ► H^Xet^^^R)) 

ue 

■+ ff 2 (^t,i?°7i f (*K)) ► H 2 {X W ,^R) ► H^X^RijxM®)) 

ue 

■* i/ 3 (^ et ,i?°^(0!R)) ► # 3 (* W ,<^I) ► ii^^R)) 



■+ H\X et ,R°{jx*)<t>\ 



Here the vertical maps U0 are given by cup product with the fundamental class. 
More precisely, the morphism (|51[) 

induces a morphism of spectral sequences. This morphism of spectral sequences 
induces in turn these vertical maps L)9. It follows that the composite map 
(57)_ 

H\X et ,R°j^^R)) ^ H l {X w ,(f>,M) ^ H i+1 (X w , -»• H\X &U R x ^{^R)\ 
is induced by the isomorphism of sheaves 
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Hence the map (|57p is an isomorphism for any i > 0, by Theorem 18.11 This 
yields a section to the map 

H i+1 {X W ,^R) — > H^Xet,^^ (frM)). 

It follows that the long exact sequence above decomposes into a collection of 
canonical isomorphisms 

(58) H*(Z w ,hR) = H l (X et ,R lT ^R)) (SH^iX^R 1 ^^)) 

(59) *H i (X et ,ipiR)®H i - 1 (Xet,<P\R) 

(60) = H l r (X et , R) © if *~ 1 (X et , R) 

for any i > 1. By Proposition I4.3i the R- vector space -ff^A'etjR) is finite 
dimensional and zero for i large. Hence we have 

diniR H* e (X w ,n) = diniR H l c (X et ,M.)+ dim R H l c ~ 1 (X et , R) 

and 

^(-l)Mim K if*(# w ,R) = 0. 

iez 

Under the identification (I60|) . the morphism given by cup product with the 
fundamental class 

Hl(X w ,R) ^W C +1 (X W ,R) 
is obtained by composing the projection with the inclusion as follows: 

(61) H l c {X w ,R) -» flj(A^,R) H l c +1 (X W ,R). 

It follows immediately from ([60]) and (|6lT) that the complex of R- vector spaces 



••• ^>i^(AV,R) ■^flj+ 1 (^ , w -,R) -H£> ... 

is acyclic. □ 

Remark 1. For any i > 1, there is a canonical isomorphism of R- vector spaces 

Hl(X w ,R) = if* (Af et , R) © 1 ( # e t , R) 

Proposition 8.3. Assume that X is irreducible, normal, flat and proper over 
Spec(Z). Then one has 

5^(-l)*tdimBflj(^W,fe) = ^(-l) J+1 dim R ^(A- ct ,R) 

iez iez 

= -l + ^(-l)Mim R F i (A' 0o ,R) 

iez 

= -l + ^(-l)Mim R i/ l (A' Q " ! R) + 

iez 
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Proof. The first equality (respectively the second) follows from Remark [T] (re- 
spectively from Proposition l4.3[) . To prove the third, we consider the morphism 
of topoi 

(7r*,7r? E ) : Sh(G R , X an ) -> Sh(X x ) 

given by the quotient map it : X an — > X an /G R , where Sh(G^, X an ) is the 
topos of GjR-equivariant sheaves on the space X an . The constant sheaf R on 
X an is endowed with its Gi{-equivariant structure. For any n > 1, the stalk of 
R n (nf B )R at some fixed point x e X(R) C X°° is the abelian group H n (G K , R), 
which is zero since R is uniquely divisible. This gives 

i?"(7if R )R = for n > 1 

and a canonical isomorphism 

H^X^R) s* ff"(^(G R ,^ a "),R) 

for any n > 0. But the spectral sequence 

(Gr, H q (X an , R)) H p+q (Sh(G R , X an ),R) 

degenerates and gives an isomorphism 

H n (Sh(G m , X an ),R) = H°(G m ,H n (X an ,R)) =: H n (X an , M) + 

for any n. The result follows. □ 

9. Relationship to the Zeta-function 

9.1. Motivic L-FUNCTIONS. We first recall the expected properties of motivic 
L-functions |36] . For any smooth proper scheme X/Q of pure dimension d and 
< i < 2d one defines the L-function 

L(h i (X),s) = l[L p (h i (X),s) 
p 

as an Euler product over all primes p where 

L p {hHx), s ) = p v (h\x), P - s )- x 

and 

P p {h\X), T) = det Qi (1 - Frob; 1 • T\H l (X^ et M) h ) 
is a polynomial (conjecturally) with rational coefficients independent of the 
prime I ^ p. By [5] this product converges for 3?(s) > | + 1. Set 

T R (s) = 7r- s / 2 r(|); r c ( s ) = 2(2^)- s r( s ) 

and 

L^ix), s) = J] r c ( s - P ) hP ' q ■ J] r R ( s - P ) hP ' + T R ( s -p + i) hP - 

where H l (X(C),C) = p+g=i H p ' q is the Hodge decomposition, 
= dime H M ; h?'* = dim c (i7 p ' p )^= ±( - 1)P 
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and Foe is the map induced by complex conjugation on the manifold X(C). 
Here the product over p = | is understood to be empty for odd i. The com- 
pleted L-function 

A(h\X), s) = Loo s)L{h\X), s) 

is expected to meromorphically continue to all s and satisfy a functional equa- 
tion 

(62) A(h l (X),s) = e(h l (X),s)A(h 2d -' l (X), d+l- s). 

Here e(h l (X), s) is the product of a constant and an exponential function in s, 
in particular nowhere vanishing. 

Lemma 10. Assuming meromorphic continuation and the functional equation 
we have 



ord s=0 L{h*(X),s) = 



-t + dim c H°(X(C),C) F <~= 1 i = 
dim c iJ i (X(C),C) F ~= 1 i>0. 

where t is the number of connected components of the scheme X . 



Proof. For i > the point d + 1 > 2 \ 1 + 1 lies in the region of absolute 
convergence of L(h 2d - l (X), s) so that L(h 2d - l (X),d + 1) ^ 0. The Gamma- 
function has no zeros and has simple poles precisely at the non-positive integers. 
For p + q = 2d — i and p < q we have p < d — |, hence Tc(d + 1 — p) ^ 0. For 
p = d — | we likewise have T R (d + 1 — p) ^ and r R (d + 1 + 1 — p) ^ 0. Hence 
L O o(fr 2d ~ i P0,d + 1)t£0 and the functional equation shows A(h l (X),0) ^ 0, 
i.e. 

(63) ord s=0 L(h*(X),s) = - ord s=0 L^h^X), s) 

= Y, hP,q + hP,± = dim c i/ 2 (X(C),C) F = =1 

where this last identity follows from F OQ {H p ' q ) = H q ' p and the sign ± in h p,± 
is the one for which ±(— l) p — 1. Indeed, Fr(s — p) (resp. Tr(s — p + 1)) has 
a simple pole at s — precisely for even (resp. odd) p. 
For i = the function 

L(/ l °(X), S ) = Cx 1 (s)---Cx t (s) 

is a product of Dedekind Zeta- functions where H°(X, Ox) = K% x • • • x K t is 
the ring of global regular functions on X and the Ki are number fields. It is 
classical that ord s= i Ck^s) — —1 and therefore 

t 

ord s=0 A(h°(X),s) = ord s=1 A(h°(X), s) = ^ ord s=1 (a) = -t. 

j=i 

Hence ([63| holds for i = with — t added to the right hand side. 

□ 
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9.2. Zeta-functions. For any separated scheme X of finite type over Spec(Z) 
one defines a Zeta-function 

II i-jyfaW = nC(^') 

as an Euler product over all closed points. By Grothendieck's formula [29 [Thm. 
13.1] 

2dim(X Jp ) 

C(*f„*)= J] det (k (l-&ob p - 1 -p-|flj(* fpiBjl Q 1 )) ( " 11,+1 . 

i=0 

If Aq — > Spec(Q) is smooth and proper of relative dimension d, there will be 
an open subscheme U C Spec(Z) on which Xjj — > U is smooth and proper. By 
smooth and proper base change we have for p 6 U 

and therefore 

2d 

(64) c(*,«) = n^wn^W' 5 )^ 1 '' 

p£y i=0 

where 



^ (g) = -fj / det Q ,(l -Frob^ 1 ■ p^lWjX^Q^) 
to \ det Qi (l -Frobp 1 • p-'\Hi(X ipt<st , Qi)) 



(-1)* 



is a rational function in p s . 

Theorem 9.1. Let X be a regular scheme, proper and flat over Spec(Z). As- 
sume that the L-functions L(h l (Xq),s) can be meromorphically continued and 
satisfy the functional equation W2\) . Then 



ord s= oC(#,s) = 5Z(-1) 1 • i ■ dim R W c (X w ,] 



Proof. Note that regularity of X implies that Xq — > Spec(Q) is smooth. By 
Lemma [TOl and Proposition 18 . 31 we have 

ord s=0 I] H^iXq), s)^ 1 ? = -t + ^M) 1 dim c W{X Q {C),C) F ~ =1 

= -t + ^(-l) i dhn R H i (X an ,R) F °° =1 

= ^(-l) J -i-dim R ^(A' lv ,E) 

iez 

and in view of (|64[) it remains to show that ord s= o E P {s) — for all p (or just 
p £ U). This follows from the fact that the Frob" 1 eigenvalue 1 (of weight 0) has 
the same multiplicity on fl*(Afc p)ds Qj) = H et , Ql) and on i?*'(^Q,et> Qi) 1 " 
by part b) of Theorem 110.11 in the next section. □ 
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Corollary 13. Let F be a totally real number field and X a proper, regular 
model of a Shimura curve over F , or of E x E x • • • x E where E is an elliptic 
curve over F. Then 

ord s=0 C(X, s) = ^(-l) 1 • i ■ dim R H l c (X w , R). 

Proof. For any Shimura curve X, by the now classical results of Eichler, 
Shimura, Deligne, Carayol and others, L(h 1 (X),s) is a product of L-functions 
associated to weight 2 cusp forms for a suitable arithmetic subgroup of PSL^R) 
associated to X, hence satisfies (j()2"j) . It is moreover well known that any curve 
always has a proper regular model. 
By the Kuenneth formula we have 

h l {E d )= h?(E)® io ®h l {E)® i i®h?{E)® i2 2 h x {E)^[-i 2 )\ 

ia + h+i2=d io+ii+i2=d I 

il+2i 2 =i 11+212=1 | 

and each tensor power /i 1 (S)® n is a direct sum of Tate twists of symmetric 
powers Sym k h 1 (E). But for elliptic curves E over totally real fields F the 
meromorphic continuation and functional equation of L(Sym h 1 (E)/F,s) fol- 
lows from recent deep results of Harris, Taylor, Shin et al (see [5] [Cor. 8.8]). We 
remark that a proper regular model X of E d certainly exists if E has semistable 
reduction at all primes since then the product singularities of £ d , where £ is a 
proper regular model of E, can be resolved |35j . □ 

Theorem 9.2. Let X be a smooth proper variety over a finite field. Then a)-f) 
in the introduction hold for X . 

Proof. This was proved for X^ 1 in [TT] [Thm. 9.1] since one clearly has 

H 1 (X^ 1 , Z) ®z R = iP (X w n , M) . 

But in view of Corollary [T2] (see also Corollary [5] and the remark after it) we 
have 

H (Xw, Z) = H % {XyP, Z); H' l (Xw, R) — H i (X^ 1 , R) 
when Xw is defined by Definition [9] Note here that our fundamental class 9 
defined in Definition [T4l is different from the class e £ H 1 (Xw,^) used in |17) . 
The class e lies in the image of H 1 {Xw,'£} and is the pullback of the identity 
map in 

i? 1 (Spec(F p ) vv ,Z) = Hom z (W Fp ,Z) S Hom z (Z,Z). 

Since the natural map Wr — > R sends the Frobenius to log(p), the elemens 8 
and e differ by a factor of log(p). This is consistent with the fact that 

(65) C*(#,0) = lDg(p) r Z*(#,l) 

where Z(X,T) G Q(T) is the rational function so that ((X, s) = Z{X,p~ 8 ) 
and Z(X,T) = (1 - T) r Z* (X , 1) with r G Z and Z*(X,1) ^ 0,oo. □ 

9.3. Remarks. We finish this section with some remarks to put our results in 
perspective. 
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9.3.1. Cohomology with 1,- coefficients. If X — > Spec(Z) is a (proper, flat, reg- 
ular) arithmetic scheme with a section then RT(Spec(Z) Wl Z) is a direct sum- 
mand of RT(X\y, Z). Hence by [T3] H A (Xw , Z) will not be a finitely generated 
abelian group and d) does not hold. Even if one could find a definition of 
Spec(Z) M/ with the expected Z-cohomology the definition of Xw as a fibre 
product (Definition [9]) will not be the right one. Heuristically this is because 
one should view the fibre product of topoi as a "homotopy pullback", and the 
"homotopy fibre" of 7 : Xw — > X e t is not independent of X, unlike in the sit- 
uation over finite fields. Indeed, viewing i?7*Z as the cohomology of the fibre, 
Geisser has shown [T7] that this complex has cohomology Z, Q, in degrees 0, 
1, > 2, respectively, for any X over Spec(F p ). So for any X over Spec(F p ) one 
can view the fibre as the pro-homotopy type of a solenoid. 

For X = Spec(Op) where F is a number field, one expects i?7»Z to be concen- 
trated in degrees and 2 (see [32] [Sec. 9]). On the other hand, if 

X = P S P cc(O f ) 

has the correct Z-cohomology, compatible with the computations of M- 
cohomology in this paper, then H A (Xw ,Z) must be a finitely generated group 
of rank r2, the rank of K${Of) (see j) in section [9.4.21 below). This can only 
happen if i? I 7*Z is nonzero for i = 3 or i = 4, the most likely scenario being that 
-R 4 7*Z is nonzero with global sections H°(X et , i? 4 7*Z) = Homz (K^ (Of), Q)- 
Again, this is only a heuristic argument since we have not rigorously defined 
the homotopy fibre, let alone established any relation between its Z-cohomology 
and i?7»Z. 

9.3.2. Weil-groups of finitely generated fields. The definition of the Weil-etale 
topos as a fibre product is closely related to the idea, briefly mentioned by 
Lichtenbaum in the introduction of 28 , of defining the Weil-etale topos via 
Weil- groups for all scheme points x g X, and then gluing into a global topos 
in the spirit of [28]. This is because the Weil-group of a field k(x) of finite 
transcendence degree over its prime subfield F would be defined as the fibre 
product G^ x ) Xc F Wf and the classifying topos of this group is the fibre 
product of the classifying topoi of the factors by Corollary 0] The remarks of 
the previous section would then apply to such a definition as well. 

9.3.3. Properties a)-f) for X . If X is regular, proper and flat over Spcc(Z) with 
generic fibre X of dimension d it follows easily from our results that properties 
a)-c) hold for X where of course 

RT c (Xyv , M.) = RT(X\\r , R) 

and 

2d 

C(X, s) = C(X, s) n L^ftiX), s)W. 

i=0 

Property d) must also hold for any reasonable definition of RT(Xw ,Z) as 
will become clear from our discussion in section 19.4.21 below. This discussion 
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will also show, however, that properties e) and f) will definitely not hold for 
any definition of iZT(Afw,Z). This is consistent with the fact that there are 
no special value conjectures for the completed L-functions A(h l (X), s) in the 
literature. 

9.3.4. Non-regular/non-proper schemes. For varieties over finite fields which 
are not smooth and proper the work of Geisser [18] shows that one has to 
replace the etale topology by the eh-topology (which allows abstract blow-ups 
as coverings) in order to define groups H*(Xwh>%i) an d H^.(Xwh^) which 
are independent of a choice of compactification of X and which satisfy a)-f) 
in the introduction (where the index W is replaced by Wh). For arithmetic 
schemes over Spec(Z) a similar modification will be necessary, and one also has 
to assume some strong form of resolution of singularities for arithmetic schemes. 
We have refrained from trying to incorporate the idea of the eh-topology in this 
paper since our results (based on the fibre product definition of Xyy) are only 
very partial in any case. 

9.4. Relation to the Tamagawa number conjecture. In this section 
we establish the compatibility of the conjectural properties of Weil-etale co- 
homology, as outlined in the introduction and augmented with some further 
assumptions below, with the Tamagawa number conjecture of Bloch and Kato. 

9.4.1. Statement of the Tamagawa number conjecture. Let X be a proper, flat, 
regular Z-scheme with generic fibre X of dimension d. The original Tama- 
gawa number conjecture of Bloch and Kato 0] concerned the leading Taylor 
coefficient of L(h l (X),s) at integers s > . This was then generalized by 
Fontaine and Perrin-Riou [15] to a conjecture about the vanishing order and 
leading coefficient at any integer s. In this paper we are only concerned with 
s = 0. 

One defines "integral motivic cohomology" groups Hj l/[ (Xm, Q(q)) for example, 
as 

H p M (X /z ,Q(q)) ■■= im{K 2q _ p {X)$ -> K 2q _ p (X)$), 

with Kj(X)q the q-th Adams eigenspace of the algebraic K-groups Kj(X) ®z 
Q. Denote by W* = Hom Q (W, Q) the dual Q-space and set W R := W <8>q R. 

Conjecture 1. (Vanishing order) The space ii^~ l+1 (X/ z , Q(d+ 1)) is finite 
dimensional and 

ord s=0 L(h\X), s) =dim q H}(h i (X)*(l))* - dim Q H°(//(AT(1))* 

= dim Q H}{h 2d - l (X)(d + 1))* - dim Q H° f {h 2d -\X){d + 1))* 
= dim Q H 2 A t 1+1 (X /z ,Q(d+l))* | 

Let H^,(X / R ,R(g)) denote (real) Deligne cohomology and let 

(66) pi : H 2 J- i+1 (X / z > Q(d+ 1)) R -^H™- i+1 (X /m , R(d + 1)) 

be the Beilinson regulator. 
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Conjecture 2. (Beilinson) The map p 1 ^ is an isomorphism for i > 1 and 
there is an exact sequence 

(67) -> iT^ +1 (X /z ,Q(d+l)) K ^> i/| d+1 (X /R ,R(d+l)) -> OT (A0 R -> 
for i = 0. 

We remark that Deligne cohomology satisfies a duality 

(68) ff^- 4+1 (X /R ,M(d + l))* = ffl>(A>,R) = H i (X(C),R)+ 

for i > and deduce the well known fact that the vanishing order of L(h l (X), s) 
predicted by Conjectures Q] and [H is in accordance with Lemma [TO] Another 
consequence of conjecture [2] is 

(69) H 2 J- i+1 (X /z ,Q(d + l))=0 

for % > 2d+ 1, a particular case of the Beilinson-Soule conjecture. 
Define the fundamental line 

A f (h\X)) = det^/P^C), Q)+) ®q det Q JJ^- i+1 (X /z , Q(d + 1))* 

for i > and 

A/(/i°(X)) =det Q Ci7 (X) Q ®Qdet Q 1 (F°(X(C),Q)+)«)Qdet Q iJ^+i(x /z ,Q(d+l))*| 
for i = 0. There is an isomorphism 

induced by ([68} and the dual of (|66|) (resp. (|67| ) for i > (resp. i = 0). 
Now fix a prime number I and let ?7 C Spec(Z) an open subscheme on which 
/ is invertible. For any smooth /-adic sheaf V on U and prime p ^ / define a 
complex concentrated in degrees and 1 

. l-Frob" 1 T 

RT f (Q p ,V) = Rr(W p ,i* p j Pt *V) = V 1 - ^ V 1 " 

where I p is the inertia subgroup at p and i p : Spec(F p ) — > Spec(Z) and j p : 
U — > Spec(Z) are the natural immersions. For p = I define 

Rr f (Q p , V) = D cns (V) D cris (V) 8 D dR (V)/F°D dR (V) 

where D cr i S and D d R are Fontaine's functors [15) . In both cases there is a map 
of complexes 

RT f (Q p ,V) ^ RT(Q P ,V) 

and one defines RT i f(Q p ,V) as the mapping cone. The next Lemma shows 
that the complex RTf((J p , V) has a uniform description for p — I and p =/= I in 
the case that interests us. 
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Lemma 11. Let V be finite dimensional Q p -vector space with a continuous 
G p := Gal(Q p /Qp) -action and such that D dR (V)/F°D dR (V) = 0. Then there 
is a commutative diagram in the derived category of Q p -vector spaces 

RT f (Q p ,V) ► RT(Q P ,V) 

i ii 

RT(¥ P ,V^) > RT(Q P ,V) 

where n is a quasi-isomorphism. 

Proof. For a profinite group G and continuous G-module M we denote by 
C*(G,M) the standard complex of continuous cochains. There is an exact 
sequence of continuous G p -modules 

-> V -> B°(V) A B\V) 

where B°(V) = B cris ® Qp V (with diagonal G p -action), B 1 ^) = i? cris <8>q p 
(Bdn/F BdR) ®q p V and <£°(x) = ((1 — 4>){x), t(x)) where i is induced by the 
canonical inclusion B cr i S —¥ B^r (see [15] for more on Fontaine's rings B cr i S 
and Bcir). Viewing this sequence as a quasi-isomorphism between V and a two 
term complex we obtain a quasi-isomorphism 

RT(Q P , V) = RT(G P , V) = C*(G P , V) £ Tot (V(G P , B°(V)) A G*(G P , B 1 ^)) 

where Tot denotes the simple complex associated to a double complex. By 
definition RTf(Q p , V) is the subcomplex 

D cris {V) = H°(G P ,B°(V)) A H°(G P ,B\V)) = D cris (V)®D dR (V)/F°D dR (V)l 

of this double complex. For any continuous G p -module M there is moreover a 
quasi-isomorphism 

RT(G P ,M) RT{¥ P ,RT(I P ,M)) = Tot (c*(I p ,M) 1 ^ Flobp > C*(I P ,M) 

where Frob p £ G p is any lift of the Frobenius automorphism in G p /I p , 
acting simultaneously on I p (by conjugation) and on M. The complex 
RT(¥ p ,H°(I p ,M)) is the subcomplex 

„ l-Frob" 1 „ 

H°(I P ,M) P -^H°(L P ,M) 

of this double complex. Combining these two constructions, we deduce that 
RT(Q p , V) is canonically isomorphic to the total complex of the triple complex 

C*(I P ,B°(V)) C*{I P ,B\V)) 

1 -Frob- 1 1 l-Frob- 1 ! 

C*(I P ,B°(V)) C*{I P1 B\V)) 
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and RT(¥p,H°(I p ,V)) is canonically isomorphic to the total complex of the 
double subcomplex 

H°(I P ,B°(V)) H\I P ,B\V)) 



1-FrobT 



1-Frob: 



H°(I P ,B°(V)) H°(I P ,B\V)). 

Now if Ddti{V) / F° DdR,(V) = this double complex is naturally quasi- 
isomorphic to RTf(Q p , V) via the first vertical map k in the following diagram 

D cns (V) D crls (V) 



H°(I P ,B°(V)) H°(I P ,B°(V)) 

l-Fi-ob" 1 ) l-Fi-ob" 1 ! 

H°(I P ,B°(V)) H°(I P ,B°(V)). 

Indeed, the vertical sequences in this diagram are short exact sequences. 
The space D cris (V) = H°(G P ,B°(V)) is clearly the kernel of 1 - Frobp 1 on 
H°(I pi B°(V)), and 1 — Frob p 1 is surjective. This is because there is an isomor- 
phism of Frobp-modulcs H°(I p ,B°(V)) = D cns (V) ® Qp Q£ r {Q 1 p ir ) d where 
d = diniQ p D cr i S (V) and Qp T is the p-adic completion of the maximal unram- 
ified extension of Q p . It is well known that 1 — Frob p is surjective Q p r . This 
concludes the proof of the Lemma. □ 

Next one defines a global complex RTf(Q, V) as the mapping fibre of 

RT(U ct ,V)^@RT /f (Q p ,V). 

Then there is an exact triangle in the derived category of Q;-vector spaces 
(70) RT c (U et ,V)^RT f (Q,V) RT f (Q p ,V) 

where the primes p £ U include p = oo with the convention RT f (R, V) = 
i?r(M, V). One can further show that Artin-Verdier duality induces a duality 

H}(Q, V) H 3 f\Q, V*(l))*. 

The index "/" stands for "finite" which in this context is synonymous for 
" unramified" or " coming from an integral model" . The following proposition 
justifies this interpretation of the complex RT f in the case of interest in this 
paper. 

Proposition 9.1. Let n : X — > Spec(Z) be a regular, proper, flat Z-scheme 
and X et its Artin-Verdier Stale topos. Let U C Spec(Z) be an open subscheme 
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so that ttu ■ Xu — >■ U is proper and smooth, let I be a prime number invertible 
on U and set X p = X ®z¥ p . For brevity we write X^^t for Sh(Xoo) (see Prop. 

Assume Conjecture^ in the next section. Then there is an isomorphism 
of exact triangles in the derived category of Qi-vector spaces 



© i?r(-Y p , et ,Q ; ) 



2d 2d 2d 

@ BT e (U*,V?)[-i] -> ©M>(Q,V/)H] -> ©iZT/CQp.^Jhi] -> 

i=0 i=0 p^u i=0 

where V t l := H 1 (Xq ct , Qj) and i/ie bottom exact triangle is a sum over triangles 

m 



Proof. For all p and Z (including p = oo with a suitable interpretation of the 

terms) we shall first show that there is a commutative diagram 

(71) 

iZT(A^et,Qi) -> flT^.et.Q,) -> iZr^(Ar Zp>e t,Qi)[l] -> 



2d 2d 2d 

©flr/(Q p ,t?)[-*] -> ©i?r(Q p ,^)H] -> © iffV/(Q P , *?)[-*] -> 

i=0 i=0 i=0 



where the rows are exact and the vertical maps are quasi-isomorphism. This 
then induces a commutative diagram where the vertical maps are quasi- 
isomorphism 
(72) 

RT(x Ui0t ,®i) -> ©-Rr(^,et,Q0 ->■ ©-Rr^(^,et,Qi)[i] 

V0J V0J 



2d 2d 2d 

©i?r(t/ ct ,^)H] -»• © ® RF(® P ,v?)[-i] -> © ©izr//(Q„i?')[-i]. 

i=0 p £ui=0 p<£U i=0 

Indeed, the first commutative square is induced by the commutative diagram 

<-f(7 ^ <%„ 



C7 <- 



p) 



and a decomposition Rnu^Qi = ©? =0 VJ*[— i] in the derived category of Z-adic 
sheaves on U, and the second is a sum over p ^ U of the right hand square 
in (|7ip. Taking mapping fibres of the composite horizontal maps in (|72p we 
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obtain an isomorphism of exact triangles 

KT(X ct ,Qi) -> Rr(Xu, e t,Qi) ->• ® RTx p (Xz p ,et,Qi)[l] -> 

2d 2d 2d 

©M7(Q,t?)H] ©i?r(t/ ct ,^)H] -> © ©^//(Qp.vjOH -»• 

i=0 i=0 p£U i=0 

where we use excision to identify the first fibre with i?r(A" ot , Q/). The oc- 
tahedral axiom then gives the isomorphism of exact triangles in Proposition 
19. f [ using the fact that the mapping fibre of the top left (resp. bottom left) 
horizontal map in © is RT c (Xu, eU Qi) (resp. ©^„ RT^U^, V?)[-t\). 
Concerning (|7Tj) . for p = oo we declare Rr(X p ^ t ,Qi) — RT(Xq ptet , Qj) and 
fflXO^Zp.e^QO = 0. This agrees with the convention RT f (R, -) = RT(R, -) 
introduced above. For p ^ oo the top exact triangle is simply a localization 
triangle in etale cohomology since we have RT(X p , ct ,Qi) = RT(Xz p , e t,Ql) by 
proper base change. It suffices to construct quasi-isomorphisms a and j3 so 
that the left hand square in (|7ip commutes. For brevity we now omit the index 
et when referring to (continuous ^-adic) etale cohomology. 
The quasi-isomorphism /3 is induced by the Leray spectral sequence for ttq p 
and a decomposition 

2d 

(73) R*® P ,*Qi = (5)vtt-i} 

in the derived category of ^-adic sheaves on Spec(Q p ). The existence of a 
follows if the composite map 

H\X p , Q,) -»• H l (X Qp , Q,) ^> H°(Q p , V?) ffi ff 1 (Qp ) ^r 1 ) © H 2 ^~ 2 ) 
induces an isomorphism 

Q,) = iT°(Qp, VJ') © F)(Q„, V?" 1 ). 

We shall show this only referring to the filtration F* on H 1 (Xq p ,Qi) induced 
by the Leray spectral sequence for ttq , not any particular decomposition (|73[) . 
The Hochschild-Serre spectral sequence for the covering X% vr — > X% p , whose 

group we identify with Gal(F p /F p ), induces a commutative diagram with exact 

rows 

(74) 

-> if 1 (F p , iP" 1 ,Q0) -»• H*(^,Qi) -> ^(Fp^^.Q,)) -> 
-> ^(Fp.ff*- 1 ^^,)) -> Q;) ff°(Fi.. Qi)) 

1 ' I h 

^(Fp.^^/p,^- 1 )) #°(Q P ,vr) = if°(Fp, H Q (I P , VI)). 
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The left and right composite vertical maps are isomorphisms by Theorem llO.il 
b) for I ^ p (resp. Conjecture |9] for I = p) and the fact that 

RT(¥ p ,V) ^ RT(¥ p ,W V) 

for any /-adic sheaf V on Spec(F p ) where WqV C V is the generalized Frobenius 
eigenspace for eigenvalues which are roots of unity (or just for the eigenvalue 
1). Note also that 

Hf(Q p , VI) = H k (W p , H°{I p , V{)) 
for k = 0, 1 and all I and i by Lemma [Til since 

D dR {V;) a H dR (X Qp /Q p ) = F°H dR (X qp /Q p ) - F°D dR (V p i ). 

The kernel of the map 7 in CO} is H°(¥ p ,H 1 (I p ,V l i - 1 )), hence there is a 
commutative diagram with exact rows 

-> ^(Fp^-H^.Q,)) -> F^^Aq^QO -»• ff^Fp,^ 1 ^,^- 1 )) -> 

0^ il^Fp,^ ^,^- 1 )) ^(Qp,^/- 1 ) ->■ ^(Fp^^/p,^/- 1 )) -> 

which implies that the left vertical isomorphism in (|74[) fits into a commutative 
diagram with the natural map F 1 H l (Xq p , Qj) ff 1 (Q p , VJ 1 " 1 ). This hnishcs 
the proof of the existence of a and of Proposition 19. II 

We remark that for I ^ p we have WqH 1 ^^) = W ((V{) Ip (-i)) = and 
hence isomorphisms 

which implies that the top left and right, and therefore the top middle vertical 
maps in (|74l) are isomorphisms. We conclude that 

RT(X p ,Q t ) ^ RTiXq^Qi) 

for I =/= p like for p = 00. □ 

We continue with the statement of the Tamagawa number conjecture. One 
might view the following conjecture as an i-adic analogue of Beilinson's conjec- 
ture, or as a generalization of Tate's conjecture. 

Conjecture 3. (Bloch-Kato) There are isomorphisms 

p\ : iff (Q, VI) - H 2 J- i+1 (X/z, Q(d + l))* Ql 

and Hj(Q, V?) = for any i. 

One can show easily that H^Q,^ ) a Ch°(X) Ql , H$(Q,V?) = for i > 
and Hj(Q, Vj*) = so that Conjecture [3] computes the entire cohomology of 
RT f(Q, V/ 1 ). Together with Artin's comparison isomorphism 

^=^(X Q>etI Q / )= J ff i (^(C) ; Q)Q ! 
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as well as the isomorphisms 

t p :det Ql RT f (Q p ,V)^Qi 

induced by the identity map on (V^) /p and D cr i S (Vi), Conjecture [3] induces an 
isomorphism 

0j : A f (h l (X)) Ql = det qi RT f {Q,V?)®det Ql Rr(R,Vi) = det Ql RT c {U ct , Vf). 

Conjecture 4. (l-part of the Tamagawa number conjecture) There is an iden- 
tity of free rank one Xi-submodules of detQ, l RT c (U e t,V l ' / ) 

Z / -^o^ oo (i*(^(X),0)- 1 )=det Z!J Rr c ([/ et ,T/) 

for any Galois stable %i -lattice T{ C . 

This conjecture is independent of the choice of the lattice Tf since 

(75) ni^(^t,M)|(- 1 )* = 1 

for any finite locally constant sheaf M whose cardinality is invertible on U. The 
following conjecture allows a reformulation of the Tamagawa number conjecture 
in terms of the L-function 

L u (h i (X),s)=l[L p (h i (X),s) 

associated to the smooth /-adic sheaf over U. Recall that a two term complex 

C = (W \ W) is called semisimple at if the composite map 

H°(C) = ker(A) C W -> coker(A) = H l (C) 

is an isomorphism. This is always the case, for example, if the complex C is 
acyclic. 

Conjecture 5. (Frobenius-Semisimplicity at the eigenvalue 1) For any prime 
number p the complex RTf(Q p , V?) is semisimple at zero. 

Under this conjecture one has a second isomorphism 

l p : detQ l RT f (Q p , V?) = Qj 

which satisfies 

Lp = p;(h\x), = Li(hHx),Q)\og{p)^i p 

where r i>p = ordT=i P p (h i (X), T) = - ord s=0 L p (h l (X), s) (see 0[Lemma 2]). 
If i£T/(Q p , V{) is acyclic then l p is the canonical trivialization of the deter- 
minant of an acyclic complex. Using this second isomorphism the Tamagawa 
number conjecture becomes 

(76) Z i -^o^ oo (^(^(^),0)- 1 ) = det ZiJ Rr c (?7et,T/) 
where 

n = n w w> ^ = n ^gw^^oo- 
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9.4.2. Further assumptions on Weil-etale cohomology. In order to establish the 
compatibility of the conjectural picture a)-f) outlined in the introduction with 
the Tamagawa number conjecture, we need to augment it with a number of 
further assumptions. Even though a)-f) only refer to cohomology groups we 
now assume that these groups do indeed arise from a topos Xw - different 
from the one defined in Definition [9] - and that compact support cohomology 
is defined via an embedding into a proper scheme followed by an Artin-Verdier 
type compactification Xw (and is independent of a choice of compactification) . 

g) For an open subscheme U of an arithmetic scheme X with closed com- 
plement Z there is an exact triangle in the derived category of abelian 
groups 

RT C {U W , Z) -> RT C (X W , 1) RT C (Z W , Z) . 

h) There is a morphism of topoi 7 : Xw — > X ct for any arithmetic scheme 
X (or the Artin-Verdier compactification of such a scheme). Moreover, 
for any constructible sheaf J 7 on X ct the adjunction T — > i?7»7*J r is 
an isomorphism. 

If X has finite characteristic then g) and h) hold if one understands the index 
W as denoting the Weil-eh cohomology of Geisser (see [T5][Thm. 5.2b), Thm. 
3.6] for h) and 18 [Def. 5.4, eq. (4)] for g)). The following property is a natural 
extension of property g) to the Artin-Verdier compactification. 

i) If X is regular, proper, flat over Spec(Z) then there is an exact triangle 
in the derived category of abelian groups 

RT C (X W ,Z) -> RT(X W ,Z) -> RTiX^w,!,) -> 

and there is an exact triangle 

RY c {Xw, K) —¥ RT(Xw ,^-) RF(X 00i w, ffi) — > 

in the derived category of K- vector spaces, where X^^w was defined in 
Definition [TO] 

Note that 

RTiX^WiZ) S i?r(^ 00 , 7oo ,(Z)) S RT(X 00 ,Z) 

by Proposition 18.21 and this last complex is isomorphic to the singular com- 
plex of the (locally contractible) compact space X^ and is therefore a perfect 
complex of abelian groups. Since the complex RT c (Xw,Z) is perfect by d) 
the triangle in i) then implies that RT(Xw,Z) is also a perfect complex of 
abelian groups. Note also that, unlike in the situation g), the triangle for R- 
coefficients is not the scalar extension of the triangle for Z-coefficients since 
neither RT(X 00 ^w, Z) nor RT(Xw,Z) satisfies property e). One rather has a 
commutative diagram of long exact sequences 

-»• iP +1 (;tW,R) -»• Hi +2 (X W ,R) -> -> H l+2 {X^ w ,i) 



-»• H^iX^w,^) -»• Hi+ 2 {X W ,Z) -> H l+2 (X W ,Z) -> H l + 2 (X^ W ,Z) 
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where only an is an isomorphism by e). Here we assume i > so that 
H l+2 (Xw, K) = by Theorem 17. II There is a direct sum decomposition 

H t+1 (Xoo,w , f) = # m (Xoc , M) ^ ( *oo , M) 
by (|47[) and an isomorphism 

i/ l+1 (A' 00: vi/, Z)r = (<%' 0o ,Z)k = i/ l+1 (A' 00 , K). 

One therefore obtains a map for i > 

r4 R)->iJ i+2 (* w ,Z) R 
which is an isomorphism for i > 0. 

Proposition 19.11 and assumption h) yield an isomorphism for i > 

r/ : H 2 f (Q,V;) £* ir +2 (* et , Qi) = i? I+2 (^,Q ; ) = ff i+2 (^,Z) Qi . 

The following is the key requirement on a definition of a Weil-etale topos. 

j) If X is regular, proper, flat over Spec(Z) with generic fibre X of di- 
mension d then there are isomorphisms 

A< : H l+2 (X W .Z) Q = H^- l+1 (X /z ,Q(d+l)y 

for i > such that A H o = (pjj* and A^ o r\ = p\. 
This is true for d = i = with Lichtenbaum's current definition where 
H 2 (Spee(0 F ) w ,Z) Q S flk(Spec(F)/z,Q(l))* - Hom z (0*,Q). 
Note that j) together with (1691 and h) also implies 

H i+2 (X W ,Z) = 

for i > 2d + 1, which is not satisfied by the current definition of Spec (Of )w 

Proposition 9.2. Suppose there is a definition of Weil-etale cohomology 
groups for arithmetic schemes satisfying a)-j) except perhaps f) for schemes 
of characteristic 0. Let X be a proper, smooth variety over Q of dimension d 
which has a proper, regular model over Spec(Z) such that Conjectures 1 11 2\ 31 51 9\ 
are satisfied. Assume L(h l {X), s) has a meromorphic continuation to s = for 
all i. Then the Tamagawa number conjecture (Conjecture^) for the motive 

2d 

h (X) = @h i (X)[-i] 

i=0 

is equivalent to statement f) for any arithmetic scheme X with generic fibre X. 

Proof. If X is any arithmetic scheme with generic fibre X then there exists an 
open subscheme U C Spec(Z) so that n : Xy — > U is proper and smooth. Let 
Z be the closed complement of U. Then by g) we have an isomorphism 

det z RT c (X w ,Z) * det z RT c {X U:W ,Z) ® z dct z Rr c (X z , w ,Z) 

as well as factorizations 



C(X,a) = £(X u ,s){(X z ,s); ?{X, 0) = C(X V , G)C(X Z , 0). 
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Since we assume f) for Xz = LI pe z ■> statement f) for X is equivalent to 
statement f) for Xjj. We now assume that X is the proper regular model of X . 
The exact triangle 

RT c (X Ut w,Z) ->HT(X Wi Z) -> Rr(X P;W) Z) 

p£ZU{oo} 

together with assumption j) induces an isomorphism 

•&w • detqRT^X^Wt^Q =detQRT(Xw,%)® ® (g) detq 1 RT(X PiW , Z)q 

pezu{oo} 

2d 

^(g)A / (/ l i (X))(- 1 )*. 

By assumption j) there is a commutative diagram of isomorphisms 
R — ^ dct R i?r c (A' c/iW ,Z)R 

R S&A^W)^ 

where 7 is induced by c). The power of log(p) in 1? appears for the same reason 
as in the proof of Theorem I9.2I Similarly, j) implies that for any prime I G Z 
we have a commutative diagram of isomorphisms 

detQ l RT c (X UjW ,^')Q l > detQ ; i?r c (A[/,ct,Qi) 



(77) 



Ml'. .. j 



where the top isomorphism is induced by an isomorphism 

KFc{Xu,w ,Z) ®z Z; — -Rr c (Afc/,etj ^l) 

coming from assumption h) and the right vertical isomorphism is induced by 
the isomorphism 

RT c {Xu, e M = RT c (U eU RTr*Zi) 

and 

2d 2d 

detz.Jffctt/et, J27T.Z,) = (g)de47 ir i?r c (C/ ct ,ij) = (g) det { - iy RT c (U et , T{) 

i=0 i=0 

where L\ := i?V»Zi and T z l C is the torsion free part of L\. Note that we 
have an exact sequence of locally constant Z;-sheaves on U 

-»> L{ tor ^L\^Ti^0 

and an identity detz,i?r c (t/ t, Tf) — detz 1 i?r c (J7 et , L\) of invertible Z;- 
submodules of detQ i i?r c (C/ e t, Vf) by (|75|) . 
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As discussed above statement f) for Xjj is equivalent to statement f) for Xjj> 
for U' C U, hence we can always assume that a given prime I is not in U . If 
we know statement f) for Xjj then the image under 7 of 

2d 
i=0 

generates the natural invertible Z;-submodule 

2d 

RT c {Xu, w ,Z) ® z Z, = (g)det { - ir RT c (U ct ,T?) 

i=0 

in (|77p (see the discussion in the previous paragraph). Hence we obtain the 
Tamagawa number conjecture in the form (|76p for h(X). Conversely, knowing 
the Tamagawa number conjecture for h(X), we obtain the Z-primary part of 
statement f) for Xu\^y which is equivalent to the ^-primary part of statement 
f) for Xjj. Varying I we obtain f) for Xjj. Here by Z-primary parts, we mean 
that for any perfect complex of abelian groups C, such as RT c (Xu^\y, <Z), an 
element b £ detz(C) ® Q is a generator of detz(C) if and only if the image of 
b in detz(C) <£) Qi is a generator of detz(C) ® Z; for all primes I. 

□ 

10. On the local theorem of invariant cycles 

Let R be a complete discrete valuation ring with quotient field K and finite 
residue field k of characteristic p. Set S = Spec(i?), 77 = Spec(if), s = Spec(k). 
Let S = (S, s, fj) be the normalization of S in a separable closure K of K and 
denote by I C G := Gal(K / K) the inertia subgroup. 

10.1. Z-ADIC COHOMOLOGY FOR p ^ I. In this section I is a prime different from 
p. The following lemma might be well known as a consequence of de Jong's 
theorem on alterations [11] . and also of Deligne's work [9] in case char(A') = p. 
We shall only need it for X v —t Spec(K) proper and smooth. 

Lemma 12. Let X v — > Spec(_ftT) be separated and of finite type. Then the 
G -representation iP(X^,Q;) has a (unique) G-invariant weight filtration 

• • • C WjWiX^Qi) C W j+ iH i (X ii ,Qi) c • • • 

in the sense of \§\[Prop.-Def. 1.7.5], i.e. if F G G is any lift of a geometric 
Frobenius element in Gal(fc/fc) then the eigenvalues of F on grjH i (Xfj, Qi) are 
Weil numbers of weight j € Z with respect to \k\. The same is true for the G- 
representation H l c (X n ,Qi). One has W-iH i (X.- q ,Qi) = W-iH l c {X n ,Qi) = 0. 

Proof. By [9][Prop.-Def. 1.7.5] it suffices to show that all eigenvalues a of F 
on H l {Xf) 1 Qi) are Weil numbers of some weight j — j(a) e Z. In doing so, 
one may pass to an open subgroup G' C G, i.e. replace X v by its base change 
to a finite extension K' / K, since an algebraic number a is a Weil number with 
respect to if and only if cJ fe is a Weil number with respect to \k'\. One 
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can now argue exactly as in the proof of [5] [Prop. 6.3.2] to which we refer for 
more details. If X v is the generic fibre of a proper, strictly semistable scheme, 
then the vanishing cycle spectral sequence computed by Rapoport and Zink 
[34 [Satz 2.10] 

(78) E- r ' l+r = H i - r - 2 "(Y( r+2 ^,Q l )(-r-q)^H i (X fj ,Q l ) 

q>Q,r+q>0 

together with the Weil conjectures for the smooth proper schemes give the 
statement (and moreover the weight filtration on H z (Xfj,<Qi) is the filtration 
induced by the spectral sequence). If X v is only smooth and proper then by 
de Jong's theorem [2 [Thm. 1.4.1] there is a generically finite, fiat X' , — > X v 
where XL, is strictly semistable. Hence iJ*(X^,Q;) is a direct summand of 
the G'-representation H l (X^- p Qi) for which the statement holds. Then one 
can use induction on the dimension together with the long exact localization 
sequence to prove the statement for i?*(X^,Q/) for any separated X v of finite 
type. Another application of de Jong's theorem is necessary here to assure that 
a regular open subscheme U C X v has a finite cover U' — > U which is open in 
a proper regular i^-scheme. For X v smooth over K, Poincare duality then im- 
plies the statement for iP(X^, Qi) and for general X one uses a hypercovering 
argument. In this proof, starting with (|78|) . all occurring F-eigenvalues have 
non-negative weight, i.e. we have W-iH^X^, Qi) = W-xH^X^, Qi) =0. □ 

Let / : X — > S be a proper, flat, generically smooth morphism of relative 
dimension d. For < i < 2d one defines the specialization morphism 

(79) sp QO-^AfliQO' 
as the composite 

(80) H^X-^Qi) Si ir(X',Q;) -> i/ l (x;,Q ; ) -y H^X^M) 

where X' is the base change of X to a strict Henselization of S at s and the first 
isomorphism is proper base change. The map sp is G-equivariant and respects 
the weight filtration. 

Theorem 10.1. If X is regular then the following hold. 

a) The map 

£P(X s -,Q0 = WtWiX^Qt) -»• WiH^X^Qtf 

induced by sp is surjective for all i. 

b) The map 

(81) WiH i (X^Q l )^W 1 H i (X fj ,Qi) 1 

induced by sp is an isomorphism for all i, and the zero map for i > d. 

c) The map sp is an isomorphism for i = 0,1. 

d) IfW l H t (X r -„Qi) 1 = H l (X rl ,QiY for all i then the map 

Wi-xWiX-sM) W l - 1 W(X n ,Q l ) 1 
induced by sp is an isomorphism for all i. 
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Remarks, a) By part a) of the theorem, the assumption of part d) is equivalent 
to the surjectivity of the map sp for all i, a statement which is called the local 
theorem on invariant cycles. It is known to hold if R is the local ring of a smooth 
curve over A; by [5] [Lemma 3.6.2], see also [H][Thm. 3.6.1], but it is only conjec- 
tured in mixed characteristic. Unconditionally, we were only able to prove the 
weak statement in b) rather than the full conclusion of d). Part c) is probably 
well known and follows, for example, from b) and results of f2Tj [Expose IX] on 
Neron models which assure that W 1 H 1 (X fj , Qi) 1 = H l {X T) , Qi) 1 . 

b) It is easy to construct examples where sp is not injective for i > 2. For 
example if X is the blowup of a proper smooth relative curve over S in a closed 
point, then H 2 (X s ,Qi) will have an extra summand — 1) corresponding to 
the exceptional divisor which gives a new irreducible component of X s - 

c) If X arises by base change from a regular, proper, fiat scheme X — > Spec(Z) 
part b) of the theorem implies 

2d 

ord s C(*, s) = ord s J] L(h\X q ), s)^' 
i=0 

for integers n < (and for n = |) where £(X,s) is the Zeta-function of the 
arithmetic scheme X and L(h % (Xq) , s) is the L-function of the motive h l (Xq) 
defined by Serre [36]. Indeed the former (resp. latter) is an Euler product 
of characteristic polynomials of Frobenius on H l {X £g) F p ,Q;) (resp. H l (X ® 
Qp, Qi) Ip )- These are equal for almost all primes and at the finitely many (bad 
reduction) primes where they might differ, part b) assures that the vanishing 
order at s < of both factors, which equals (— l)' i+1 times the multiplicity of 
the Frobenius-eigenvalue p n (of weight 2n), is the same. 

d) Regularity of X is a key assumption in the theorem. The map sp will be 
an isomorphism for i = if X is only normal but for i — 1 normality is not 
even sufficient for surjectivity of sp on Wq, as the following example of de Jeu 
[S] shows. If E is an elliptic curve over Q given by a projective Weierstrass 
equation 

Y 2 Z = X 3 + AXZ 2 + BZ 3 

with A, B 6 Q then for any iieQ x the curve 

Y 2 Z = X 3 + u 4 AXZ 2 + u 6 BZ 3 

is isomorphic to E, and if u 4 A, u 6 B G Z this equation defines a normal scheme 
£, proper and flat over Spec(Z), inside P|. Indeed, the affine coordinate ring 
of the complement of the zero section (X : Y : Z) = (0 : 1 : 0) is R = 
Z[x,y]/(y 2 — x 3 — u 4 Ax — u 6 B) and hence a complete intersection. So R is 
normal if and only if all local rings Ap for primes p of height < 1 are regular. 
If p maps to the generic point of Spec(Z) this is clear because E is a smooth 
curve over Q. If p maps to (p) for some prime number p, then p = R ■ p since 
R ■ p is already a prime ideal as the equation y 2 — x 3 — u A Ax — u e B remains 
irreducible modulo p. Hence p is principal and A p is a DVR. The generic point 
of the zero section maps to the generic point of Spec(Z), hence £ is normal. 
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If we now pick u in addition to be a multiple of some prime p where E has split 
multiplicative reduction, then £ s is a cuspidal cubic curve and therefore 



is not surjective. 

However, the condition that X is locally factorial (all local rings are UFDs) 
lies between normality and regularity and is sufficient to ensure that our proof 
of c) given below goes through. Regularity is only used for the isomorphism 
Pic(X) ^ Cl(X) and for [331 [Thm. 6.4.1] via normality. 

Proof. Since the statement of Theorem 110.11 only depends on the base change 
of / to the strict Henselization of S at s we may assume that S is strictly 
Henselian. Note that regularity is preserved by this base change by [25] [1,3.17 



For a) we follow Deligne's proof of [S][Thm. 3.6.1], replacing duality for the 
essentially smooth morphism X — > Spec(fc) by duality for the morphism / 
combined with purity for the regular schemes X, proved by Thomason and 
Gabber (see [16]), and S, proved by Grothendieck in [20][I,Thm. 5.1]. The 
same arguments as in loc. cit. lead to the commutative diagram with exact 
rows and columns 



c)]. 



w- 1 



(^,Q,)/(-l) H*{X V ,%) 



-> H l (x n MY -> o 



(82) 



sp 



H\X, Q t ) 



and after application of the exact functor Wi to a diagram 



WiEgHx, Qi) 



WiH^X^Qi) 



> WiH^X^Qi) 1 



> 




w^iXM) 



* W t W(X- s ,Q l ) 



so that it remains to show that 



(83) 



W i H i +_\X,Q l ) = 
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for all i. The vertical long exact sequence in (|82p arises by applying the (exact) 
global section functor T(S, — ) to the exact triangle 

Rf*RUgm x (i*®i,®i) i?/»Q; -> Rf*Rj*Qi 

where i : — > X and j : X I( — >■ X are the inclusions. By purity for X [16] [^8] 
we have Q; = Rf'®i(— d)[— 2d] and the (sheafified) adjunction between Rf 
and gives 

i?/*i?Hom x (i*Q;,Q ( ) Si flHom s (i?/iuQ/,Q;(-d))[-2d] 

S ffifom s (i a ,»i2/,,»Q I ,Qi(-d))[-2d| 

SSi ai »ifflgm,( J R/.,*Qi,i«iQ,(-d))[-2«fl 
t. J ..iZHbm.fiZf, 1< .0lz,Oi)(-d - l)[-2d - 2] 



where i s : s — > S is the closed immersion and f s : X s s the base change 
of /. Here we have also used i?/* = Rf\ (/ proper) as well as the sheafified 
adjunction between i Sj \ — and i s , and purity for S. This last complex has 
cohomology in degree i + 1 given by 

Hom Q; (H 2d+2 ~ l ~ 1 (X g , ®i),®i){-d - 1) 

which has weights greater or equal to 2(d + 1) — (2d + 2 — i — 1) = i + 1 since 
W k H k {X s ,Qi) = H^X^Qi) by [5] [Cor. 3.3.8]. This finishes the proof of a). 

Concerning b), we apply the exact functor W\ to the diagram ([82]) and obtain 
a commutative diagram 

W 1 H i (X v ,Q l ) W 1 H i (X fj ,Q l ) 1 

sp 

WiH*(X,Qi) — ^ Wifl<(Jr 5 ,Qi)- 
For i > 2 the map a is an isomorphism since 

^^(XQi) C W^ff^^O,) = 

for j = i, i + 1 by ([53")) . For i = 0, 1 we already have 

H i Xs (X,Qi)SiRom % (H 2d+2 - i (Xs ) Qi),Qi)(-d-l) = 

before applying W± and the map a is also an isomorphism. For any i the map 
/3 is an isomorphism since 

^(iT-^X^QOzC-l)) = WLi^-^X^QO^C-l) = 

by Lemma [12J Hence the map induced by sp on W\ is also an isomorphism. For 
i > d both sides of (|8Tj) vanish. Indeed, the weights of H l (X g ,Qi) are greater 
or equal to 2(i — d) > 2 by [9] [Cor. 3.3.4] and the same is true for H l (Xfj,Qi) 
as follows from Poincare duality and the fact that the weights on i/ l (X^, Q/) 
are < 2i for i < d. This in turn can be read off from the spectral sequence (|78|) 



On the Weil-etale topos of regular arithmetic schemes 79 



in the strictly semistable case and follows in general from de Jong's theorem. 
Hence 

WiH^X^Qt) = WiH^X^Y = 
for i > d and we have finished the proof of b) . 

Concerning d), we apply the exact functor Wi-i to the diagram (152"j) and obtain 
a commutative diagram 

W^W{XM) — ^ Wi-x&iX-^Qi) 

where a is an isomorphism for the same reason as in the proof of b) and j3 is 
an isomorphism since 

W^iP-^QO/C- 1 )) = WistH^iX^Q^i-l) 

is dual to 

H 2d - i+l {X n , Qtfid + l)/W 2d - l+2 {H 2d - l+1 {X 7ll Q t Y) (d + 1) 
which vanishes by the assumption in d). 

Concerning c), the case i = follows from b) since WiH°(Xs, Qi) = H°(X S , Qj) 
and WiH°(X 7l ,Qiy = iJ°(A^, Q ; ) 7 - The case i = 1 can be deduced from b) 
and [H] [Expose IX] or from results of Raynaud on the Picard functor [33] . We 
give the details of this last argument because the method, essentially using 
motivic cohomology, might be of some interest. The short exact sequence 

— > fii<y G rn — > G m — > of sheaves on X et induces an isomorphism 

(84) i? 1 /*^ = {B}h& m )l» 

of sheaves on S ct since (/*G ro )/P = 0. Indeed, the stalks H°(Y, 0$) = Hi R i 
and H (Yfj,Gy_) — fl^Li ®k K) x of /*G m are Z-divisible since S is strictly 
Henselian. Here 

X ->• Y = ]J Spcc(i? l ) ->• S 

i 

is the Stein factorization and Li is the fraction field of Ri. The Leray spectral 
sequence for / gives an exact sequence 

H\S, f m G m ) -> H\X, G m ) -»• H°(S, R 1 /*G m ) -> ff 2 (S, /*G m ) 

and H l (SJ*G m ) = for i = 1,2. Indeed, ff 1 ^, /*G m ) = Pic(Y) = (resp. 
H 2 (S, /*G m ) = Br(y) = 0) since Y" is the disjoint union of spectra of local 
(resp. strictly Henselian local) rings. Hence 

(85) Pic(X) = iJ x (X, G m ) = H°(S,R 1 f*G m ). 
A similar argument for / r) shows 

(86) Pic(X^) S ff^.G™) S* HOfaR 1 /^). 
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We have a commutative diagram 

H^Xg,^) A H^S.R 1 !^) A HOfa&UGm)* A Pic(X)^ 

Hi II 

where the isomorphisms in the top row are given by proper base change, (|84[) 
and ([55]) and in the bottom row by an elementary stalk computation, l|84p and 
(|86[) . Passing to the inverse limit over v we are reduced to studying the map 

(87) hmPicpfV =: T x Pic(X) -> T; Pic(X,,) := fimPicpQ^ 

and the proof of c) for i = 1 is then finished by the following Lemma. □ 

Lemma 13. T/ie map f37U is injective with finite cokernel. 

Proof. Since X is regular and X n is an open subscheme the map 

Picpf) = Clpf) -> Cl(X^) = Pic(X^) 

is surjective and its kernel K is the subgroup of G\(X) generated by divisors 
supported in the closed subscheme X g C X, hence is a finitely generated abelian 
group [22] [1X6] . By the snake lemma we obtain an exact sequence 

(88) = TiK ->• Ti Pic{X) -> T t Pic(X v ) ->• K A Pic(X) 

where ^4 = hm ^ A/Z" denotes the Z-completion of an abelian group A. 

Let Pic°(X) C Pic(X) be the subgroup defined in [33] [3.2 d)], i.e. the kernel 
of the map 

(89) Pic(X) = P(S) -> (P/P°)(s) x (P/P°)(fj) 

where P = Pic^/s is the relative Picard functor of / [55] [1.2] and P° is the 
connected component of P restricted to schemes over s (resp. rf). Note that 
over a field P is represented by a group scheme, locally of finite type, hence 
has a well defined connected component. By [33] [Thm. 3.2.1] the target group 
in ([8"9"]) - the product of the Neron-Severi groups of the geometric fibres - is 
finitely generated, hence so is Pic(Jf)/Pic (X). 

By [33] [Thm. 6.4.1] - and this is the key fact in the proof- the group KnPic°(X) 
is finite. In the notation of loc. cit. we have K = E(S) by Prop. 6.1.3 and 
Pic°{X) = P°(S) C P T (S). Hence the kernel of K ->• Pic(X)/ Pic°(X) is 
finite and since both groups are finitely generated, so is the kernel on their 
Z-completions. But this means that the map p in (|88p has finite kernel which 
proves the Lemma. □ 
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10.2. p-ADiC COHOMOLOGY. In this section we assume that K has charac- 
teristic and for simplicity also that k = ¥ p . For I = p one still has the 
specialisation map 

(90) sp : H\X S , Q p ) -> H\X f) , Q p ) 7 

since proper base change holds for arbitrary torsion sheaves. However, it is 
well known that p-adic etale cohomology of varieties in characteristic p only 
captures the slope part of the full p-adic cohomology, which is Berthelot's rigid 
cohomology H l rig (X s /k) (for proper X s this follows from [3l Thm. 1.1] and [23l 
Prop. 3.28, Lemma 5.6]). Here the slope part y slo P e0 of a hnite dimensional 
Qp-vector space V with an endomorphism <p is the maximal subspace on which 
the eigenvalues of (f> are p-adic units. One knows that the eigenvalues of <p on 
H* ig (X s /k) are Weil numbers, and a proof similar to that of Lemma [T2l shows 
that the same is true for D pst {H l (X fj ,^ p )), and hence for 

D crls (H l (X n ,Q P )) = D st (H l (X n ,Q p )) N =° = D pst {H\X n , Q P ))^ N=0 . 
Therefore one deduces weight nitrations on both spaces. 

In analogy with the Z-adic situation one might make the following conjecture. 

Conjecture 6. Let X — > S be proper, flat and generically smooth. Then there 
is a 4>-equivariant specialization map 

W rig (X s /k) ^ D crls {H\X n M P )) 
and a commutative diagram of Gal(fc/fc) -modules 

H*(X s ,Q p ) — 2-> H*(X n ,Q p Y 

H;, ig (X s /k)® Qp Q; r D erit (H i {X n ,Q p ))® Qp Q2r 

where Q p r is the p-adic completion of the maximal unramified extension o/Q p . 
Moreover, the vertical maps induce isomorphisms 

X s : H\X s ,Q p ) S (HU 9 (X s /k) ® Qp Q-)^ =1 S W rig (X s /kf°v°° 

and 

X v : H l (X rl ,Q P Y = (D cr UH l (X rl ,Q p ))<E> Qp Q; r )^ =1 = D cns (H l (X rl ,Q p )f^ 

Note here that for any 0-module D the Gal(fc/fc)-module (D <E) Qp Q^s^i 
can also be viewed as a 0- module (via the action of </> ® 1) and as such is non- 
canonically isomorphic to £) s1o p c0 . Moreover the action of Frob" 1 6 Gal(fc/fc) 
coincides with that of 1 <S> (f)^ 1 — <f> ® 1 = 4>. 

The p-adic analogue of Theorem 110.11 (replacing a) by the conjectural local 
theorem on invariant cycles) would be the following conjecture. 

Conjecture 7. Assume that X is moreover regular. Then the following hold. 
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a) The map sp' is surjective. 

b) The map 

Wi-xHi ig {X s /k) ^ W l - 1 D c „ s (W(X n ,Q p )) 

induced by sp' is an isomorphism. 

c) The map sp' is an isomorphism for i = 0, 1. 

Combining both conjectures we deduce the following statement for p-adic etale 
cohomology. 

Conjecture 8. If X is regular then the map 
induced by sp is an isomorphism. 

Here we deduce the weight filtrations on H l (X g ,Q p ) and ^(XfjjQp) 1 from 
Conjecture H] via the injectivity of the maps A s and A^. For the applications 
in this paper we only need this isomorphism on Wo (or in fact on the still 
smaller generalized eigenspace for the eigenvalue 1). For reference we record 
this statement separately. 

Conjecture 9. If X is regular then the map 

W Q H l (X s ,Q p ) ^ WoH^X^Qp) 1 

induced by sp is an isomorphism, where Wq is the sum of generalized <p- 
eigenspaces for eigenvalues which are roots of unity. 

Again, if Conjecture [6] holds the maps X s and are injectve and it suffices to 
establish an isomorphism 

W HU g {X s /k) £* W D cns (H l (X^Q p )). 

We do not know how to establish Conjecture [5] or Conjecture [5] in general, 
since it seems difficult to make use of the regularity assumption. In case X has 
semistable reduction, however, it seems plausible that one can avoid any ref- 
erence to rigid cohomology and establish a commutative diagram of Gal(fc/fc)- 
modules 

H 1 (X s , Q p ) — H* {X n , Q P Y 

(H}j K (X s /k) N = ) ® Qp % r -^L> D cns (H l (X n ,Q p ))® Qp Q; r 

where H l HK (X s /k) is Hyodo-Kato cohomology. Contrary to what the notation 
suggests this cohomology theory not only depends on X s /k but on the scheme 
X/S. Building on work of Fontaine-Messing, Bloch-Kato, Hyodo-Kato, and 
Kato-Messing, Tsuji (37] proved that there is an isomorphism of (</>, iV)-modules 

H l HK {X s /k) A D st (H l (X n ,Q p )) 
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and hence an isomorphism of 0-modules 

W HK {X s /k) N =® -4 D st (W(X 7l ,Q p )) N=0 = D cns (H l (X n ,Q p )). 

In addition to the commutative diagram it would then be enough to show that 
X s and are injective. We refrain from giving more details since in this paper 
Conjecture IH1 is only used in the proof of Proposition 19.21 (via Proposition 19. 1|) 
which already needs to assume a host of other, much deeper conjectures that 
we are unable to prove. 
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